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Abstract

By means of certain differential operator we introduce and investigate two sub-
classes £*(p, A, ¢,0,a) and Y £%(p, A, 9,9, ) of p-valently analytic functions. The
results obtained here for each of these classes. We have attempted to obtain coef-
ficient estimate, growth and distortion theorem for the classes £*(p, A, ¢, 0, &) and
Y £5(p, A, 6,0, ).

1. Introduction

This paper is devoted to study of multivalent functions and its various properties.
By means of certain differential operator we introduce and investigate two subclasses
£*(p, N\, ¢,0,a) and Y £%(p, A, ¢, 9, ) of p-valently analytic functions. The various re-
sults obtained here for each of these classes.

Let A(p) denote the class of functions f(z) of the form
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fe)=2"+ Y apd (1.1)

which are analytic and multivalent in the unit disk £ = {2z : z € C and |z| < 1} for
peN.
Definition 1.1 : A function f(z) € A(p) is said to be in the subclass S(§) of starlike

function if

R%i{é?) S¢ zeE, 0<£<l1.

Definition 1.2 : A function f(z) € A(p) is said to be in the subclass C(&) of convex

function if

2f'(2)
f(2)
Definition 1.3 : A function f(z) € A(p) is said to be in the subclass K (&) of close to

convex function if

Re<1+ >>£, z€FE, 0<E&<1.

Re(f/(z))>§, zelE, 0<E<1.

zp—1
Definition 1.4 : A function f(z) € A(p) is said to be in the subclass £(p, A, ¢, 9, «) if
and only if

02(DE (Q(r,p) f(2))) + A2A(DE2 (2 (r,p) £ (2)))
(1= N(DU(r,p) f(2)) + (DL (Q(r,p) f(2))

z€E, ¢qeNU{0}, 0<a<l, ¢o€R, o<1, p>q, v,0<1.

—(0-9¢)|<a

Further more a function f(z) € A(p) is said to be in the subclass Y £(p, A, ¢, J, «) if and
only if zf'(2) € £(p, \, 9,9, ).
Let T'(p) denote the subclass of A(p) consisting of functions of the form

We dente by £*(p, A, ¢,9, ) and Y £%(p, A, ¢, d, ) the classes obtained by taking inter-
section respectively of the classes I'(p, A, ¢, 0, ) and Y £(p, \, ¢, d, «) with T'(p).
We define the operator (a,p) on f(z) as follows

oo ==- Y (EE1) et

k=p+1 p+ v
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The operator Q,(r,p) is closely related to the Salagean derivative operator D%f(z) is

the ¢'" order differential operator for f(z) € A(p) defined in (1.1)

DU () = = 3 o (B

4
' > akzk_q, D> q.
(r—q)! Mt

2. Coefficient Estimates

Theorem 2.1 : A function f(z) =27 — . agz¥, a; > 0isin £%(p, ), 9,9, a) if and
k=p+1

only if

> o (B2) k- a- 1)) -6 9) 1) el - X+
k=p+1

=< (pf!q)![a(l—wrp—q) ~AMp-a)p—g-1) —d(p—a + (6 -8)1-N)]. (2.1)

o0
Proof : Suppose a function f(z) = 2P — Y. apz¥,ar > 01is in £*(p, A, ¢, 6, ). Thus
k=p+1

8, 2(DL (R (r,p) £(2))) + A22(DI(Qy(r,p) f(2)))

—(5—
(1= N)(DLS(r, p)f () + 2(DI (Q(rp) £(2))) 0=

Consider

02(DIH(Qp(r,p) f(2)))) + A2 (DI (Q(r,p) f(2))) — (8 = ¢)
[(1 = M(D2(Qp(r,p) £(2))) + 2(DEH(Qp(r,p

p! - 0 k! k4~ r -
(PR q_kZ (k—q)! p+7) (k — q)axz" q]

+/\{@p!q)g(pqqu1)z”qz ‘ <k+7>r(kq)(kq1)akqu]

— )
voiy (k= a)!
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T N N o A W
—(0=9)(1=X) !MZ p> (k—q)! (p+’v) o ]

k=p+1

—(6—9) {p!)!(PQ)z”q Z (k:ﬁ!q)! (;1_3) (kQ)akqu]

(p 4 k=p+1

= P g 1)+ b —g)— (- )1 NP

(r—q)!
=Yt (BE2) -t a1+ o ) - (6 - )1 - Mo,
k=p+1

Now consider

(1= (DU (r,p) f(2))) + 2(DTH(Q(r,p) £(2)))

—(1— P! P4 _ N m Rty 7na,z"f—q
=@ A){ 2 (k—q)!<p+'y) : ]

(»—q)! Mt
A N R B e YU
+ {(pq)!(p 9) kgl o) (pr) (k — q)ax ]

p‘ _ > k! (k—i-’)/)’r f—
= 1—A+p—q|zP 97— 1—A+k— .
(p—q)![ p-d ;2,;1 (k=) \p+~ | daxz

From (2.2) we get

Gt Ap =) —a—1) +6(p—q) — (6 — $)(1 — N)]P
- 5 (52) k== 1) + 6= 0) = (0= )1 = Mot
=p
o IS <
(pfi!q)![l —A+p—qzP1— k; (kf!q)! (f%) [1— X+ k — qlagzF—a
=p+1
(2.3)

We know that |Re(z) < |z|, so choosing values of z on real axis. After clearing denomi-



SOME BASIC PROPERTIES OF ANALYTIC AND MULTIVALENT... )

nator in (2.3) and allowing z — 1_ through real values, we get

(p p!q) Mp=a)p—g-1)+dp—9q) — (0 -¢)(1-N)]
+kzp:+1 : (2]{;-—::’77> Ak —aq)(k—q—1)+ ¢k —q) = (6 — ¢)(1 = A)]ax
P! N N T
<o« |:(pq)‘[1)\+p(ﬂkzp;1 (ki—q)' (p+/7) [1)\—|—kq]ak] .
Therefore

k! k+~\"
k:zp:ﬂ(’f—Q)! <p+v> Ak -k —g=1+¢k—q) - (0 -¢)1 -4
ol = A+ k —q)lax

[l =A+p—q)—Ap—q)(p—q—1) = —q) + (6 —¢)(1 = N)].

p!
(p—q)!
Now we prove the converse.

Suppose that (2.1) is true, we have

52DIF O (. p) F(2))) + A2 (D2 (1) £(2)))
(3 - )1 = N(DHQ(rp) F(2))) + 2D Q) ()

~ o |1 N(DHQ(rp)F()) + (DI (@)1 ()]

— pil _ _ _ Zp_q
\(p =0 —a -1+ 6o —0) - (- )1 -]

k! k4~ L
R _Z,;l <p+v) Ak —a)(k —q—1) + ¢(k —q) — (6 — §)(1 — N)]agz"
. - —al - 3 £ ) - — qlagz"1
o-gitl AP k:zf.;l(k—q)!<p+v> [L=A+k—dlay
_ k! k+
kZ-H <p+’7)

[A(k—Q)(k—q—1)+¢( ) == A =N +all —=A+k—q)lax

|
_ﬁ[a(l_)“"p—q)—)\(P—Q)(P—q—l)—¢(p—q)+(6—¢)(1—)\)]
<0.

By using maximum modulus principle and (2.1) f(z) is in £*(p, A, ¢, 9, ).
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Hence the result follows.
o0
Corollary 2.1 : If the function f(z) = 2P — 3. apz¥,ax > 01is in £5(p, A, 9,6, )
k=p+1
then

p+7\
o= (7)
pllk—q)lla(l-A+p—q) = AXp—q@)(p—q—1) —d(p—q) + (0 — ¢)(1 — \)]
Ellp—)!Mk—q)(k—q—1)+d(k—q) — (0 =)A= A) +a(l = A+ k—q)]

Fork=14+p,24p---.
With the equality for function

o p+7>
f ==z <k+7

Pk =l =A+p—¢) —Ap—a)p—q—1) —dp—q) + (6 )L = V)] ;
K- Mek-q)(k—qg—1)+¢(k—q) — (0 —)(1 =N +a(l=A+k—q)]

Fork=14+p,24+p---.

o0

Theorem 2.2 : A function f(z) = 22 — > a2, ap > 0is in Y £%(p, )\, 9,0, ) if
k=p+1
and only if
= (kD! R\
> GED () ()= )+6(k—0) - (- 9) (1N +all A+ k-
Lt k=)l \p+
=p+1
p+1!
< p_q,[a(l—MLp—Q)—A(p—Q)(p—q—l)—¢>(p—Q)+(5—¢)(1—A)] (2.4)
Proof : Suppose a function f(z) = 2P — > apz¥,ap > 0 is in Y£*(p, \, 6,6, ).
k=p+1
Therefore zf/(z) € £%(p, \, ¢, 0, )
Let g(z) = 2f'(2)
o
g(z) =pz" = > ka2
k=p+1

Thus
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Consider

02(DIFH(Qp(r,p)g(2))) + A2 (DL (Qp(r, p)g(2)))
—(6 = &)1 = N)(DLUQp(r,p)g(2))) + 2(DI (Q(r, p)g(2)))]

p!fmp—QV”ﬂ— > & <k+7>TMk®mﬂk1

(p—q)! vt E= ol \p+y

p! p—q = k! kE+~y
+ALp@m@qqunz k%;ﬂk—QN<p+v

)ruk—qu—q—n

! N > k! kE+~\" L
—(0—¢)(1 =) [(ppq)!pzp 7 Z =g <p+;,y> kay 2" ]

k=p+1

(p—q) Wi Bl \p+y

_(5 _ ¢) |: p! (p o q)zp—q _ Z (k k! (k + 7>Tk(k B q)akqu]

= PP g 1) b —q) — (5 )1 — NP
=52 —q p—q 2

__22 %Mk <k+7)an_qu—q—1y+ak_qy_®_¢Xr_thkQ

- \p+~

k=p+1

Now consider

k=p+1

T R S T e A N
= — — E k q
" A){ 1P k=a! \p+y) "

P! p—q _ - k! koY —q)apz"1
+{ _@ﬂMp—wz > ®_qﬂ<p+7>k% q)kk:

(p Rt

p! e~ klk <k—%7>r .
= 1—-A+p—q]2P9— 1—A+k-— 1
p—q)! [ +p—q]z k_zp;l =gl \ptr [ qlagz

q]
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From (2.5) we get

i Me =) (p—a—1) + ¢ — q) — (6 — ¢)(1 = N)}2"

- k=§+1 (=] (%)T Ak —aq)(k —q—1) + ok —q) — (6 = ¢)(1 = N]ap2*1

! _ —  _kk (k) -
gl = A+p—qlPl— k:%rl E—q)! (ﬁ) (1= A+ k= qlagzFe

(2.6)
We know that |Re(z)| < |z|, so choosing values of z on real axis. After clearing denom-

inator in (2.6) and allowing z — 1_ through real values, we get

P a—1)+ oo —q) — (6 - )(1— )

(p—q)!
2 KE (k+y)
+k§1 k—q) (me) Ak —q)(k—q—1)+ ok —q)— (0 — ¢)(1 — N)]ay
p! X kE [(k+y)
a{(pq)![lwrpq]k;l(kq)! (p+7> [1)\+kq]ak],
Therefore
(D! (k)T
kgrl(k_Q)! <p+7) Pk -k —g—1)+dk—q) = (0 -9)1-A)
+a(l = A+ k —q)]a
SEit;g:[a(l—A+p—q)—A(p—q)(p—q—l)—<b(p—q)+(6—¢)(1—A)].

On the line of Theorem 2.1 we prove the converse.

Corollary 2.2 : If the function f(2) = 2P — . apz¥,a; > 0is in YL*(p, \, 6,6, a)
k=p+1
then

p+7\

é(m)

(p+ DIk -l =A+p—q)—Ap—q)(p—q—1) = d(p—q) + (0 — )(1 — )]
Ak —q)(k—q-1)+d(k—q) —(0—-¢)(1-A) +a(l-A+k—q)] ’

Fork=14+p,24p---.
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With the equality for function

b pﬂ)
j; z (k}+—7

P+ DUE—@lal =A+p—q) = Ap—q)(p—g—1) = ¢(p—9) + (6 =)L = M)]
k+Dp—!MNEk—q)(k—q—1)+d(k—q) =0 —d) 1 =N +a(l-A+k—-q)]

Fork=14+p,24+p---.

3. Growth and Distortion Theorem

(o]

Theorem 3.1 : A function f(2) = 2P — . agz¥, ax > 0is in £%(p, ), ¢,9,a) then

k=p+1
2P — (W)
p+147

Pl+p—la(l=A+p—q) = AXp—q@)(p—q—1) —d(p—q) + (§ — 9)(1 — \)] 2|4
A+p)!p—)'M1l+p—q)p—@)+o(1+p—q) = (6 —d) (L =N +a2—-X+p—q)]

of P+
<|f(2) <z (P+1+7)
PlA+p—la(l = A+p—q) = Ap—-9)p—g—1) —d(p—q) + (0 — ¢)(1 = )] P
A+p)lp—)'MNl+p—q)p—@)+o(1+p—q) = (6 =) (1 =N +a2—-X+p—q)] '

Proof : f(z) =2" — . apzF,ar > 0isin £%(p, \, #,6, ) if and only if
k=p+1

o0

k! E+~\"
2 o (57) D= ak=a-1+ot-0 -0 +all-x ko

p!

= (p_q)![o‘(l_)‘+p—Q)—A(p—Q)(P—q—l)—¢(p—q)~|—(5—qb)(1—)\)]

k=p+1
o0
F <P +] D ar
k=p+1
p+vy \
2)| < |z|P +
<+ (G2 )

PlA+p—le(l -A+p—q) - Ap—q)lp—q—1) —d(p—q) + (0 — ¢)(1 — )] 2|4
I+p!p—)'A+p-q)lp—@) +d(1+p—q) = (F—) (1 =N +a2—A+p —(3(1%])
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Similarly,

IR

p+1+7y

PlA+p—glal = A+p—q) = AMp—9)(p—g—1) —d(p—q) + (6 — ¢)(1 = \)] P
I+plp—M1+p—a)p—q@) +¢(L+p—q) = (- )1 -A) +alZ—-A+p —(3(1%])

From ( 3.1) and ( 3.2) we have

p_ (Pt )
& <p+1+7)
PA+p—lla(l=A+p—q) = AMp—q)p—qg—1) —d(p—q) + (0 —¢)(1 = V)] P
I+p)!p—'MA+p—p—-) +d(1+p—q) = (6 —)(1 =) +al2—-A+p—q)]
» P+ \"

<1<+ (G2
Pll+p—le(l-A+p—qg) - Ap—q)lp—g—1) —d(p—q) + (6 — ¢)(1 = A)]
A+ -1 +p—q)p—q@) +o(1+p—q) = (0 =) (1 = A) +a(2—=X+p—q)]
Hence the result.

’z‘l-i-p

(&)

Theorem 3.2 : A function f(z) =27 — Y. ap2*, ar, > 0is in Y £5(p, \, #, 0, a) then

k=p+1
p+1+v

(p+DT+p—a(l=A+p—q) = Ap—q)(p—q—1)—d(p—q) + (6 — §)(1 — \)]
C+p)lp—)'N1+p—q)p—¢) +o(1+p—q) — (6 — ) (1 =N +a2—-A+p—q)]

A ERERY
<|f)] < =P +
p+1+7y
Mo

DIt+p—glfa(l =A+p—q) - A(p—q)(p—q—1)—cb(p—<1)+(5—<f>)(1—A)],Z,Hp
M- Nl+p—pp-a)+o(l+p—q) — (0 —d)(1—X)+a2—=A+p—q)] '

’ZP+p

Proof : f(z) =22 — Y apz¥ ap > 0isin Y£*(p, A, ¢,6,a) if and only if
k=p+1

> E:f - (k ﬂ)T Ak=q)(k—g—1)+(k—q) = (6—¢)(1=A) +a(l-A+k—q)]ay

k=p+1 q” p‘%W
< Pl A+ p—0) = M- D)~ g - )~ 6lp— )+ (6~ 9)(1 - )]
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o0
SIS Y st
k=p+1
pty
z)| < Zp+ S T—
<+ (G2

P+ DA +p—le(l-A+p—q¢) - Ap—q)(p—q—1) —d(P—q) + (6 — ¢)(1 — A)] |17

C+plp-)'M\1+p—q)p—q¢) +o(1+p—q) -6 —d) (1 -A)+a2-A+p —(qu)g])

Similarly,

@Iz lp - ()

p+1+4+7

(p+ D1 +p =9l -A4p-0) A= 9)p =g =) = dp— )+ =)L =] 11,
)

C+plp-)1+p—q)p—¢) +o(1+p—q) = (6 —d) (1 -A) +a2-A+p —(3614])

From ( 3.3) and ( 3.4) we have

P — <p+7)
p+1+v

P+ DA +p—le(l-A+p—g) - Ap—q)lp—g—1) —¢(—q) + (6 —¢)(1 —A)],z‘up
CHp!p -1 +p—q)p—q@) +o(1+p—q) = (0 =) (1 =A) +a(2—=X+p—q)]

P+ >r

<[f(2)] < 2P + <P+1+’Y

P+ DIA+p—la(l-A+p—g - Ap—q)lp—g—1)—9p—-g9 + (0 —9¢)([1 —A)],z‘up
C+plp-)A+p-9p—a) +o(1+p—q) = (=) (1 =N +a(2—=A+p—q)]

Hence the result.

o0

Theorem 3.3 : A function f(z) =27 — > ap2*, ar, > 0is in £*(p, \, ¢, 9, ) then

k=p+1
qu‘l—-< — )T
p+1+4+7y

A+p—la(l=A+p—q¢) = Ap—q)(p—q—1)—d(p—q) + (6 —d)(1 —A)],Z‘p
-1 +p—q)p—q)+d(1+p—q) — (6 —d)(1 =) +a2—A+p—q)]
sl plr e (2

+p—la(l-A+p—q) = AXp—-q)lp—q—1)—d(p—q) + (§ - ¢)(1 —A)]Mp
NI +p-q)p—q) +o(1+p—q) —(0—d) 1 =N +a2=A+p—q)]

<
(1
(p
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Proof : f(z) =22 — . apzF,ar, > 0isin £%(p, \, 6,6, ) if and only if
k=p+1

o

k! E4+~\" B o e - 1 o
kzp-:&-l( —q)! <p+7> Ak=g)(k=g=1)+o(k=q)=(0=¢)1 =)+l =A+k=g)la

p!

(r—q)!

<

[@1l=A+p—q)—Ap—q)(p—q—1)—d(p—q) + (0 — ¢)(1 = \)]

f'(2) = pl=P~ +

I+p—@)fa(l=A+p—q)—Ap—a)p—q—1)—d(p—q) + (6 — 9)(1 —A)]Mp

-1 +p—q@)lp—q)+o(1+p—q) — (6 —d)1 =X +a2—-A+p—q)] (35)

Similarly,

P = plert - (W)
p+1+4+7

I+p—la(l-A+p—q)—Ap—q)(p—q—1) —¢(p—Q)+(5—¢)(1—A)],Z‘p

=Nl +p—q)p—q)+d(1+p—q) = (0 —d)(1 =) +a2—A+p—q)] (36)

From ( 3.5) and (3.6) we have

'
plefPt — <p+7 )
p+14+7

I+p—la(l=A+p—q)—Ap—q)(p—q—1) —¢(p—Q)+(5—¢)(1—A)],Z‘p
-1 +p—q)p—q)+d(1+p—q) —(—d)(1 =) +a2—A+p—q)]

_ +7 \
< |f'(2)| < zp1+<p>
<[ (2)| < pl2| P

I+tp—lal-=A+p—q@) - Ap—q@)lp—qg—1)—d(p—q) + (6 —¢)(1 — )] 2P
- N1+p—q)p—q)+d(1+p—q) —(—d)(1 =) +a2—A+p—q)]
Hence the result.
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[e.°]

Theorem 3.4 : A function f(2) = 2P — . agz¥, ax > 0is in YL£L*(p, \, 6, 6, @) then

k=p+1
plzP™t — ( i >"
p+1+vy

(1 +p—q)![0<(1—>\+p—q)—A(p—Q)(p—q—1)—¢(p—Q)+(5—¢)(1—A)]|Z‘p
P—NMp-—)+o(L+p—q) —(6—)1—-A) +al2-A+p—q)]

<I£G) <plep 4 (G2

1+P—Q)![a(1—)\+P—Q)—A(p—‘I)(P—C]—l)—¢(p—Q)+(5—¢)(1—)‘)]’Z‘p

p—)'N1+p—q)p—q@) +9o(1+p—q¢) (0 -9) (1 =N +a2-A+p—q)]

Proof : f(z) =22 — Y. apz¥ ar > 0isin Y.£*(p, \, ¢, 6, ) if and only if
k=p+1

o |

(k+1)! (k+~\" B o e B 1 o
k%;quﬂ<p+7)[Mk Dk —q—1)+ (k=) (6—)(1—A) +a(1- A+k—q)las

(p+1)!
(p—q)!

a1 =X+p—q)=Ap—q)p—q—1)— o —q)+ (6 — ¢)(1 = \)]

k=p+1
o
"(2)] < |p2PH + ka2t
V(ﬂ \p k
k=p+1
_ +v \
’z<zp1+<p )
£ < plelt+ (2

I+p—la(l=A+p—q)—AMp—q)(p—q—1) —¢(p—Q)+(5—¢)(1—A)],Z‘p

- N1+p—q)p—q)+d(1+p—q) —(—d)(1 =) +a2—A+p—q)] 57)

Similarly,

rf@MZpMP*—(p+”)T
p+1+4+7y

I+p—la(l=A+p—q) = Ap—q)(p—q—1) —¢(p—Q)+(5—¢)(1—A)],Z‘p

P—)N1+p—q@)p—q)+o(1+p—q) — (6 —d)(1—=A)+a—-A+p—q)] (33)
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From ( 3.7) and (3.8) we have

-
pleP~t — <p+’y )
p+1+v

(I+p—@a(l=A+p-q) = AMp—q)lp—qg—1) —9d(p—q) + (0 —¢)(1 = N)]
P-—)N1+p—q@)lp—q)+o(1+p—q) — (6 —d)1 =X +al—-A+p—q)]

_ +7 \
<If(2)] < zp1+<p>
<|f(2)] < plz| S

(I+p—lal=A+p—q¢) - ANp—q@)p—q¢—1) —¢(p—q) + (6 — $)(1 — )] 2P
=Nl +p—q)p—q)+d(1+p—q) = (6 —d)(1 =) +a2—=A+p—q)]
Hence the result.
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