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Abstract

In this study, dynamics of stability and Hopf bifurcation analysis of a five species
stage-structured system is proposed. Boundedness and positivity of the system are
studied. Stability analysis is carried out for all possible equilibrium states. Hopf
bifurcation are studied and analyzed at all possible equilibrium points for the pro-
posed system. The sensitivity analysis of the variables at the interior equilibrium
w.r.t. the system parameters is performed and identified the respective sensitive
indices of the variables. Further numerical simulations have been carried out to
support our analytic results.
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1. Introduction

A pest is a harmful insect for the plant, and its control has become a challenge in
agriculture. It’s outbreak often causes serious ecological and economical problems [1,2].
The technique of controlling the pests species is important if pests are extinct or reduce
at acceptably low levels. For the progress of biological control methods, the dynamics of
pest and its natural enemy populations should have to be developed. Therefore, to dis-
cuss farming problems, mathematical models are useful, since these enable the authors
to have a general idea of the system. Mathematical models developed by introducing
delay factors and functional responses, are of great importance and helps to improve the
knowledge of complex phenoms. This means that the simplest mathematical systems
can’t grab, these variations of dynamics of the models [11,12]. The biological control
strategy is the method of releasing natural enemies or infective pests for pest control,
which is an emphasis area in recent years because of less damage to the environment
than chemical methods. Biological control has proven relatively successful and safe. In
population dynamics, pest and natural enemy interactions treat as prey-predator inter-
actions and time delays have come to play an important role in prey-predator systems.
Mankind has mostly used these models as tools to solve such problems and to understand
the behavior of population systems. The model will, of course, could not contain all the
features of the real system, but it is important that the model contains the characteristic
features which are essential in the context of the problem to be solved or described up to
the desired level. The population changes may have important economic and sociologic
consequences; for example, the farmer wants to know how large the pest population in
his crop is most vulnerable and what effects pesticide spraying will have? Therefore, our
main focus will be on controlling pest populations through a prey-predator dynamics.
In this context, many researchers have studied different types of predator-prey systems
with single delay and analyzed the stability and bifurcation (e.g. periodic behavior)
of the systems [3-5, 7, 14, 19]. Also a little attention has paid towards the stability
and bifurcation of the prey-predator model with two delays as discussed in [8-10, 13].
A wide range of pest control strategies is available to the farmers and most methods
are based on chemical insecticides. These chemical pesticides have many disadvantages
[6,15]. Again, biological control suppresses the pest populations with the help of other

living organisms, often called natural enemies or beneficial species [16-18].
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Keeping in mind the above literature, in the present study, we proposed and analyzed a
stage structured plant-pest-natural enemy food chain model. This paper is organized as
follows: in section 2, formulation of the model is presented. In section 3, positivity and
boundedness of the system have discussed. In section 4, the system is analyzed for the
asymptotic stability at all possible four equilibrium states and obtained the conditions
for the existence of Hopf bifurcation at the natural enemy free equilibrium, Es and the
coexisting equilibrium point, E*. In section 5 and 6, Hopf bifurcation analysis at F»
and E* are presented and analyzed respectively. In section 7, the sensitivity analysis of
the state variables at coexisting equilibrium state with respect to system parameters is
performed. In section 8, numerical simulations are carried out to support our analytical

findings. Finally, the results have been discussed in the conclusion section.

2. The Mathematical Model

The assumptions of the proposed system are:

(i) In a particular patch, there are five types of populations, namely, plant (X (t)),
immature pest (Pj(t)), mature pest (P(t)), immature natural enemy (Ni(t)) and

mature natural enemy (N2(t)).

(ii) The plant population grows logistically with « as the intrinsic growth rate and
k being the carrying capacity. Thus, the per capita growth rate of the plant is
aX (1 — %) in the absence of pests.

(iii) Mature pests harvest plants, and harvesting functional response is Holling type-I.

(iv) Mature pests can hide them self from the mature natural enemies, hence the

mature natural enemy harvesting pests with Holling type-II response function.

(v) Let B be the predation rate of the plants by mature pests; v be the harvesting
rate of mature pests by the mature natural enemy. Let a be the half saturation
constant; 81 and 1 be the conversion rates for mature pest and mature natural
enemy respectively. Let £ and § be the maturity rates for immature pest, P;(t)
and immature natural enemy respectively, Ni(t). Suppose d; is the migration

rate of mature natural enemy, No(t) and & is the overcrowding rate of mature
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pest. Also, let u1, po, ps and pg be the natural mortality rates for immature pest,

mature pest, immature and mature natural enemies respectively.

Keeping in view of the assumptions and interactions, our proposed system is of the

form:
‘%{:ax <1—)k(> — BX Py, (1)
e P, (2)
% — BXPy— z]f];j — 2Py — &1 P, (3)
%%:ﬂNj—mNL (4)

with initial conditions: X (t) > 0, Pi(t) > 0, P»(t) > 0, Ni(t) > 0 and Na(t) > 0 for all
t>0.

3. Positivity and Boundedness
In this section, we state and prove the following lemmas for the positivity and bound-
edness of the solution of the systems:
Lemma 3.1 : The solution of the system of equations (1)-(5) with positive initial
populations, for all ¢ > 0.
Proof: Let ((X(t), Pi(t), Pa(t), N1(t), N2(t)) be a solution of the system (1) - (5) with
positive initial populations. Let us consider X (¢) for ¢ € [0,7]. From the equation (1),
we obtain

dX aX?

@t S 2% gxp
iy S X

it follows that
X > exp {— fot (BP) du}
-~ X(0) + fg 2 exp {— fg (BP) du} dv

The equation (2) can be written as,

> 0.

dPy

— > P
dt = H1f1,
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which evidences that

P = PO e |- [ i} >0

Also for t € [0, 7], the equation (3) can be represented as

sz PN,

— Py — & P
dt = a+ P2 H2472 51 2
which evidences that
{ (p2) du}
Pz(t) > ; > 0.
Py( +f0 &1+ P2 P))exp{—fo (,ug)du}dv
The equation (4) for ¢ € [0, 7] can be rewritten as
dN;y
—_ > N
a = —H34V1,

which evidences that

t

Nit) = M) esp { - [ Gy} >0

0

Also, the equation (5) for ¢ € [0, 7] can be written as
dNs
—=>—(0 N:
I 2 (01 + pa)No,
which evidences that
¢
Ny (t) > Na(0) exp {—/ (01 + M4)du} >0
0

In the similar way, we can treat the intervals [r,27],....,[n7,(n + 1)7],n € N. Hence

the proposed system is positive, i.e., X(t) > 0, Pi(t) > 0, P>(t) > 0, N1(t) > 0 and

Ns(t) > 0 for all ¢ > 0 by induction.

Lemma 3.2 : The solution of the system of equations (1) - (5) with initial conditions

is uniformly bounded in €2, where

Q= {(X, Pi, Py, N1, No) : 0 < X(t) + Py(t) + Py(t) + Ny (t) + No(t) <

p' = min{pa, pa, (3, pa}-

(o + )’k
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Proof: Let W(t) = X(t)+ P1(t) + Pa(t) + N1(t) + Na2(t). Taking the derivative of W (t)

with respect to t, we have

dW (t X
W():aX 11— ) — /(W = X) 4+ &Py — & PE.
dt k

Since 1 << 8, 71 << 7, 01 << § and £ is to be small, therefore we have

dW (¢)
dt

pwo < aX (1—)15)+M’X.

Taking p' = min{u1, p2, u3, pa}, we get

aw(t) (a+p')*)k
W —
dt TS 4o
Therefore,
. +,U«,)2k
< < wi (0t W)
0<W(t) <W(0)e + doyt
As t — oo, we have
(a+ )%k
< ) < ——.
0<W({) < T
Hence, W (t) is bounded, i.e., the proposed system is bounded. 0

4. Equilibria and Stability Analysis of the System

The system of equations (1) - (5) have four feasible equilibrium points:
(i) The equilibrium point Ey(0,0,0,0,0) always exists.

(ii) The equilibrium point Fj(k,0,0,0,0) exists.

(iii) Natural enemy-free equilibrium Es ( éggigg% u?(gliﬂgll +Z2£)1) k% 6611+ (5521) 0, 0) exists,

if Hy holds, where Hy : k(31 > us.

(iv) Interior equilibrium E*(X*, P, Py, Ny, N5) exists only when v; > max

{(51 + pa) [aé%,l, (1 + %)]}, where X* Py, Py, Nf, N5 is given by

* _ akp akBy1
X' =k+ + a(—=y1+01+pa)’
Pr— _ ag(d1+p14)
L™ pa(—y+oitpa)’
P2 _ a(61+u4) (6)
N* — _adm(ayipatkb(= Om+(a+a5)(51+#4))+a(5l+u4)(—u2+a€1))
1= aypus(—y1+01+pg)? )
N — a’y1(a71u2+k61(—a'y1+(a+aﬁ)(51+u4))+a(51+u4)( p2+a&i))
2 ay(—y1+01+p4)? :
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Now, we are going to discuss the local behavior of positive equilibria of the system (1)
- (5)7
Theorem 4.1 : The local behavior of different equilibria of the system (1) - (5) is as
follows;
(i) Ep(0,0,0,0,0) is always unstable.
(ii) E1(k,0,0,0,0) is stable only when ug > kf;.
Proof :
(i) The characteristic equation for Ey(0,0,0,0,0) is
(=A+a)(=A = p1)(=A = p2) (= A — pz) (= A — (01 + pa)) = 0. (7)
The eigenvalues are A = a, A = —p1, A = —po, A = —pug and A = —(§1 + pq).
The equilibrium Ey(0,0,0,0,0) is always unstable, because one of the eigenvalues
of (7) is positive.
(ii) The characteristic equation for Fy(k,0,0,0,0) is

(=X = @) (=A — 1) (=X — 1) (A — (61 + pa))(~A+ kB — ) = 0. (8)

The eigenvalues are A = —a, A = —p1, A = —puz, A = —(d1+pq) and X\ = kS — uo.
It is observed that the equilibrium point Ej(k,0,0,0,0) is stable only when po >
kpBi. O

Theorem 4.2 : For the system (1) - (5),

(i)

The natural enemy free equilibrium point Es is locally asymptotically stable, be-

cause two eigen values of the characteristic equation,i.e.,
AP+ A1t A 4 Aggo ) + Asgs =0, (9)

at Fo are directly negative, i.e., A = —u; and A = —pu3. For remaining three

eigen values, the Routh-Hurwitz criterion is satisfied, i.e., A;; > 0,4 =1,2,3 and

A111A299 — Asszz > 0 holds, where A111 = —(a1 + a4 + ag), Ae=aia4 — azaz +

ag(a1 + as), Asss=ag(azaz — aras); a1 = =22 +a — Py, ay = —X B, az = Py,
k

ay = XB1 — po — 26, a5 = —a?jlg, ag = ﬁ}; — 01 — gy X = 7,&’2’53132)7

P, = % Also it is demonstrated graphically see Figure 2.
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(ii) The natural enemy free equilibrium point Es is unstable otherwise and the system

undergoes Hopf bifurcation around Es, for graphical representation see Figure 3.

5. Hopf-bifurcation Analysis at F,

Further, we will study the Hopf-bifurcation of the system (1) - (5), taking “5” (i.e.,
predation rate of plants by mature pests as a bifurcation parameter). Now, the necessary
and sufficient condition for the existence of the Hopf-bifurcation, if there exists 8 = g
such that (i) = Aui(Bo) > 0, ¢ = 1,2,3, (ii) = A111(80)A22(5o) — As33(o) = 0 and
(iii) if we consider the eigen values of the characteristic equation at Ea of the system
of the form \; = u; + iv;, then Re%(ui) #£0,1=1,2,3. After putting the values, the

condition Aq11Ag99 — A3z = 0 becomes
v118° + v22 B8t + v338° + v448? + 558 + ves = 0, (10)

where vi; = (e4 + e3 + f3hs), vae = (e5 + ea + faha + fihs), vss = (es + €1 + f3hs +
faha + h3fs), vas = (er + fo + fahs + hafs + hsfe), vss = (es + fs + fshs + hafs),
ves = (€9 + fr + fohs), e1 = gr(hihr + hahs + hego) + gs(hah7 + hihe), e = g7(hah7 +
hihe) + gshahe, ez = hahegr, ea = —g19296h3, es = —g19296ha — h3(919396 + 919295),
e6 = — (9192965 —ha(g19396+919295)+h3(919395+919496)), e7 = —(h5(919396+919295)+
ha(919395+919496) + h3919495), es = —(hs5(919395+919496) + hag19495), €9 = —h591949s,
g1 = kB1 — p2, g2 = kPipe, g3 = abi(kB1 + p2), g4 = oy, g5 = ayipe — kBi(ay —
(01 + pa)) + (01 + pa)(—p2 + a&1), g6 = kaP1(d1 + pa), g7 = kapr, g3 = a(g1 + a&r),
g9 = (a+061+pa+g1)gsags—ayiagiga, hy = (a+01+pa+g1)gaagr+a+di+us+gikgrgs—
a(a + kP1)gigs — anigikgr, ha = (o + 61 + ps + g1)kg? — a(a + kB1)gigr, hs = kg3,
hy = agagr + kgrgs, hs = agags, he = kPrgip2, hr = gakBig1 + g1gape, hs = 9193,
hg = k&1 (a+g1)+gape, f1 = gala+g1)&, f2 = (g1+a&r)a(d1+pa) —giom), fs = 9296,
fa= gafa+geho, fs = fahat+gef1, fo = fifa, f1 = gogshs, fs = gohsgr+gs(hi1hs+h7ge),
fo = g7(h1hg 4+ h7g9) + gs(h1h7 4+ hahg + hegg). For example, taking parametric values:
a = 0.05; k =10; £ = 0.02; pu; = 0.2; 51 = 0.05; v = 0.6; a = 1; pe = 0.05; & = 0.01;
6 = 0.04; us = 0.01; v = 0.3; 01 = 0.02; ug = 0.01. we get a positive root § = 0.21
of equation (10). Therefore, the eigen values of the characteristic equation at Fo of
the system are of the form A\ = +iv and A3 = —w, where v and w are positive real

numbers. Now we will verify the condition (iii) of Hopf-bifurcation. Put A = u + v in
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equation (9), we have
(u+iv)3 —|—A111(u—|—z’v)2 +A222(u+iv) + Asz3 = 0. (11)

On separating the real and imaginary part and eliminating v between real and imaginary

part, we get
8u® + 8A111u® + 2(ATy; + Ago)u + Aq11 Az — Asszs = 0. (12)

It is clear from the above equation (12) that u(By) = 0 iff A111(50)A222(80) — Ass3(Bo) =
0. Further, at 8 = B9, u(fp) is the only root, since the discriminant of 8u? + 8A;11u +
2(A31, + Agge) = 0 is 6443, — 64(A3,; + Agg2) < 0. Again, differentiating (12) w.r.t.

58, we have, (24u2 + 16A111u + 2(A%11 + AQQQ))% + (8u2 + 4A111u) d‘gb“ + 2u—d’32,22 +

%(AlllAggg — A333) = 0. Now, since at 8 = [y, u(ﬁo) = 0, we get, [%]5:50 =
*%(A111A222*A333)
2(A2,,+A222)
at Fs. And it is shown graphically in the Figure 3.

Theorem 5.1 : For the system (1) - (5),

= 0, which will ensure that the above system has a Hopf-bifurcation

(i) The interior equilibrium point E* is locally asymptotically stable, because two

eigen values of the characteristic equation,i.e.,
AP+ A1 A% + Agozo ) + Asszs =0, (13)

at E* are A = —u; and A = —pus. For remaining three eigen values, the Routh-
Hurwitz criterion is satisfied, i.e., Aj;;; > 0,4 =1,2,3 and Aq111A2990 — A3333 > 0

holds, where Ai111 = agb1 — a1 — ba — dyi, Asgsos=aibs + a1dy + d1by — ajasby —

2X*
cica — agbidy, Asszz=ai(cica + agbidi — dibo); a1 = == + o — Py, az =
aNx~y Pyv
X8, b = Pyf by = e + X — e = 2655, a1 = — gy, 2 =
_aN3m _PBn s xr = akB | akByn  px _ _ _alitpa)
(a+P5)2> dy = a+P; 01 — pua; X =k + a T a(-y1+61+pa)’ “ 2 T —yi+oitpa?
N; = _a'yl(a'yl,u2+kﬁl(fa'yl+(a+a,8)(51+,u4)%+a(61+u4)(7u2+a£1)). Also it is demon-
ay(—y1+01+pa)

strated graphically see Figure 4.

(ii) The interior equilibrium point E* is unstable otherwise and the system undergoes

Hopf bifurcation around E*, for graphical representation see Figure 5.
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6. Hopf-bifurcation Analysis at E*

Further, we will study the Hopf-bifurcation of the system (1) - (5), taking “k” (i.e., carry-
ing capacity as a bifurcation parameter). Now, the necessary and sufficient condition for
the existence of the Hopf-bifurcation, if there exists k = ko such that (i) = Az (ko) > 0,
i=1,2,3, (ii) = A1111(ko)A2222(ko) — Assss(ko) = 0 and (iii) if we consider the eigen
values of the characteristic equation at E* of the system of the form \; = u; + iv;, then
Red%(ui) #0,i=1,2,3. After putting the values, the condition Aj111A2000 — A3333 =0
becomes

a11k® + axnk + aszz = 0, (14)

where a11 = mils, ax = l3(ma + m3 + ms), a3 = p2 + ms(ma + m3 + my), m; =

_ (Gpipa) (0} —yipi—aByili—tipr) _ p2ati(emipatls) — _pa(ampatls)
3 ) mo = I m3 - )
Y1P7 p1 71
l1la+al +a. 2 2
my = 220t wi;%(w D g = a3t 4+ by — s —lo —p3 —pa, b1 = am1 — (o +

aB)(01+ pa), L2 = (01 + pua)(—p2 +akr), €3 = (aB(1+af)+ (2 +ap))Bryp: (01 + pa)?,
by = avi(a+af = 2p2)pi (01 + pa)?, €5 = —aripi (61 + pa) (20 + af — p2 — aér), le =
—kayipi(61+pa)(1+aB)B1, p1 = 71— 01— pa, po = 5;52’14, p3 = —pi(614pa)*(taB)fr,
ps = —pia(dy + pa)?(—p2 + a&y). For example, taking parametric values: a = 0.6;
B=0.2;£=0.02; p3 =0.2; B =0.03; v =0.6; a = 1; us = 0.05; & = 0.01; § = 0.04;

pus = 0.01; v4 = 0.3; 91 = 0.02; pug = 0.01; we get a positive root k = 4.8 of equation

(14). Therefore, the eigen values of the characteristic equation at E* of the system are
of the form A\ = +iv and A3 = —w, where v and w are positive real numbers. Now
we will verify the condition (iii) of Hopf-bifurcation. Put A = u + iv in equation (13),
we have

(u + iv)3 + A1111(u + Z'U)z + Agggz(u + iv) + A3333 =0. (15)

On separating the real and imaginary part and eliminating v between real and imaginary

part, we get
8ud + 8A1111u” 4 2(A% 11 + Agago)u + A1111 Aggas — Aszzz = 0. (16)

It is clear from the above equation (16) that u(kg) = 0 iff A1111 (ko) A2222(ko)—Assss(ko) =
0. Further, at k = ko, u(ko) is the only root, since the discriminant of 8u? + 8A1111u +
2(A3,1, + Agozo) = 0 is 64421, — 64(A%,;; + Ag22) < 0. Again, differentiating (16)
w.r.t. k, we have, (24u® + 16A1111u + 2(A21; + A2092)) % + (8u? + 4Aq1110) 400
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dA d .
2’LL7d2]§22 + %(A1111A2222 — A3333) = 0. NOW, since at k = k‘o, u(k‘o) = O, we get,
[dj]k—k _ — L (A1111 Ag202— Aszz3s
dk IF=F0 2(A3;1,+A2222)

Hopf-bifurcation at £*. And it is shown graphically in the Figure 5.

) # 0, which will ensure that the above system has a

7. Sensitivity Analysis

In this section, the sensitivity analysis of state variables of the system (1) - (5) w.r.t. sys-
tem parameters at the interior equilibrium point is carried out. The respective sensitive
parameters of the state variables at interior equilibrium are shown in the Table 1 using
parameter values: a = 0.6; k = 1.8; 8 = 0.2; £ = 0.02; u; = 0.2; 81 = 0.03; v = 0.6;
a=1; us = 0.05; & = 0.01; § = 0.04; pug = 0.01; v = 0.3; 61 = 0.02; ug = 0.01. It is
clear that «, k, v1 have a positive impact on X*. Whereas 3, a, d1, 4 have a negative
impact on X™* and the rest of the parameters have a zero impact on the X*. Moreover k
is the most sensitive parameter to X*. Also &, a, 61, ;14 have a positive impact on P}; 11
has a negative impact on the P as well as more sensitive to P;" and the rest of the pa-
rameters have no impact on P;. Again we can see that a, 01, p4 have a positive impact
on Pj; 1 has a negative impact on P; as well as it is more sensitive parameter to Pj
and the rest of parameters have zero impact on P;. The parameters o, k, 31, d, 71 have
positive impact on N{'; whereas the parameters 3, v, a, pa, &1, (43, 01, jt4 have a negative
impact on N and the remaining parameters have zero impact on /Ny. The parameters k
and (3 are more sensitive to Ny. Also, we see that the parameters «, k, 71, 51 have pos-
itive impact on N3; 8, v, a, p2, &1, 01, pa have a negative impact on N5 and the rest of

arameters have zero impact on IN;. The parameters k£ and (3; are more sensitive to N,
2 2

Table 1 : The sensitivity indices v, = gx? x YU
J Yj Zq
(1) - (5) to the parameters y; for the parameter values: o = 0.6; k = 1.8; 5 = 0.2;
£=0.02; u; =0.2; 1 =0.03; v =0.6; a = 1; uo = 0.05; &1 = 0.01; § = 0.04; pus = 0.01;

Y1 = 0.3; 51 = 0.02; M4 = 0.01.

of the state variables of the system

Parameter (y;) Vi Yo | Vi Vy;' Vy;”

o 0.03846 | 0 | 0 | 2.2499 | 2.2499
k 1 0 | 0 | 58500 | 58.500
3 0.03846 | 0 | 0 |-2.2500 | -2.2500
¢ 0 1|0 0 0
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Parameter (y;) 75? ’ %il %1;2 ’Yz];\;l ’Yz]/\}
n 0 0 0 0 0

51 0 0 0 58.500 | 58.500
~ 0 0 0 1 1

a -0.03846 1 1 -2.5000 | -2.5000
12 0 0 0 -56.250 | -56.250
& 0 0 0 -1.2500 | -1.2500
) 0 0 0 1 0
13 0 0 0 1 0

Y1 0.04274 | -1.1111 | -1.1111 | 3.7777 | 3.7777
01 -0.02849 | 0.74074 | 0.74074 | -2.5185 | -2.5185
g -0.01425 | 0.37037 | 0.37037 | -1.2592 | -1.2592

8. Numerical Simulations

Numerical simulations of the system (1) - (5) are carried out to justify our analytic find-
ings using MATLAB. The boundary equilibrium Fj(5,0,0,0,0) is stable for parameter
values: a =0.8; k =5; 8 =0.03; £ = 0.2; u; = 0.02; g5 = 0.003; v = 0.06; a = 1;
po = 0.2; & = 0.05; § = 0.04; pus = 0.01; v = 0.03; 1 = 0.02; g = 0.01 and result
is shown in Figure 1. The equilibrium point F5(1.02,0.00898,0.0898,0,0) is stable for
the parametric values: a = 0.05; £ = 10; £ = 0.02; 1 = 0.2; 1 = 0.05; v =0.6; a = 1;
po = 0.05; & = 0.01; § = 0.04; us = 0.01; v = 0.3; 63 = 0.02; pug = 0.01 and 5 = 0.5,
as shown in Figure 2 and the equilibrium is unstable and Hopf bifurcation appears for
a=0.05 k=10; £ =0.02; u1 = 0.2; B4 = 0.05; v = 0.6; a = 1; us = 0.05; & = 0.01;
6 =0.04; us = 0.01; v4 = 0.3; 61 = 0.02; ug = 0.01 and 5 = 0.21, see the Figure 3. The
interior equilibrium point £*(1.73,0.011,0.11,0.0066, 0.0016) is stable for the paramet-
ric values: a =0.6; 8 = 0.2; £ =0.02; up = 0.2; 51 = 0.03; v = 0.6; a = 1; po = 0.05;
& = 0.01; 6 = 0.04; us = 0.01; v1 = 0.3; 61 = 0.02; g = 0.01 and k& = 1.8, see the
result in Figure 4. The interior equilibrium point E*(1.73,0.011,0.11,0.0066,0.0016)
is unstable and Hopf bifurcation appears for the parametric values: o = 0.6; 5 = 0.2;
£=0.02; 1 =0.2; B =0.03; vy =0.6; a = 1; puo = 0.05; & = 0.01; § = 0.04; pu3 = 0.01;
v1 = 0.3; 01 = 0.02; g = 0.01 and k = 4.8, see the result in Figure 5.
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Figure 1: The boundary equilibrium E;(5,0,0,0,0) is stable for parameter values:
a=08 k=5 =003 £=02; g =002 5 =0.003; v+=006 a = 1;
pe = 0.2; & = 0.05; § = 0.04; gz = 0.01; v = 0.03; &; = 0.02; py = 0.01.
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Figure 2: The equilibrium point F5(1.02, 0.00898, 0.0898, 0, 0) is stable for the para-
metric values: o = 0.05; k= 10; £ = 0.02; gy = 0.2; 8 = 0.05; v = 0.6; a = 1;
po = 005; £ = 0.01; § = 0.04; gy = 0.01; v = 0.3; § = 0.02; gy = 0.01 and

4 = 0.5 (bifurcation parameter).

Soldons X P, F2 NI I%

1Y

AL

it
LA
Pt
Ny i
N it

o 1000 2000

time

t

o)

LAARARN

Figure 3: The equilibrium point F2(1.02,0.00898, 0.0898, 0, 0) is unstable and Hopf
bifurcation appears for parametric values:a = 0.05; k = 10; £ = 0.02; py = 0.2;
B1 = 0.05; vy =086; a = 1; pp = 0.05; & = 0.01; § = 0.04; pz = 0.01; v = 0.3;
6; = 0.02; py = 0.01 and 5 = 0.21 (bifurcation parameter).
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Figure 4: The interior equilibrium point E*(1.73,0.011, 0.11, 0.0066, 0.0016) is sta-
ble for the parametric values: & = 0.6; 8 = 0.2; £ = 0.02; g, = 0.2; 5, = 0.03;
v =0.6; a =1; ys = 0.05; & = 0.01; § = 0.04; pz = 0.01; v = 0.3; 6§, = 0.02;
jt4 = 0.01 and k = 1.8 (bifurcation parameter).
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Figure 5: The interior equilibrium point E*(1.73,0.011,0.11, 0.0066, 0.0016) is un-
stable and Hopf bifurcation appears for the parametric values: o = 0.6; 7 = 0.2;
£ =002 yy =02; 5 =0.03; v =0.6; a = 1; pa = 0.05; & = 0.01; § = 0.04;
pz = 0.01; v =0.3; 6 = 0.02; py = 0.01 and k = 4.8 (bifurcation parameter).

9. Conclusion

In this paper, a plant-pest-natural enemy stage structured system is proposed. There
are four possible steady states, and asymptotic stability of the system is studied for all
equilibrium points. The existence of Hopf bifurcation at the natural enemy-free equilib-
rium, Fo and interior equilibrium, E* is explored. It is verified that the natural enemy
free equilibrium FE» is stable 5 > 0.5 and unstable when 8 = 0.21. Also, the interior
equilibrium FE*is stable £ < 1.8 and unstable when £ = 4.8. Finally, the normalized
forward sensitivity indices are determined for state variables at the interior equilibrium

w.r.t. the system parameters. Simulations of the system are performed with a particu-
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lar set of parameters to justify our analytic findings.
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