
International J. of Math. Sci. & Engg. Appls. (IJMSEA)

ISSN 0973-9424, Vol. 11 No. III(December, 2017), pp.1-16

DYNAMICS OF STABILITY AND HOPF BIFURCATION

ANALYSIS OF A FIVE SPECIES STAGE-STRUCTURED SYSTEM

VIJAY KUMAR1,2, JOYDIP DHAR3, HARBAX SINGH BHATTI4

AND HARKARAN SINGH5

1 Beant College of Engineering and Technology, Gurdaspur-143521, Punjab, India
2 I.K.G. Punjab Technical University, Kapurthala-144601, Punjab, India

3 ABV-Indian Institute of Information Technology and Management,
Gwalior-474015, M. P., India

4 B.B.S.B. Engineering College, Fatehgarh Sahib, Punjab, India
5 Khalsa College of Engineering Technology, Amritsar, Punjab, India

Abstract

In this study, dynamics of stability and Hopf bifurcation analysis of a five species
stage-structured system is proposed. Boundedness and positivity of the system are
studied. Stability analysis is carried out for all possible equilibrium states. Hopf
bifurcation are studied and analyzed at all possible equilibrium points for the pro-
posed system. The sensitivity analysis of the variables at the interior equilibrium
w.r.t. the system parameters is performed and identified the respective sensitive
indices of the variables. Further numerical simulations have been carried out to
support our analytic results.
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1. Introduction

A pest is a harmful insect for the plant, and its control has become a challenge in

agriculture. It’s outbreak often causes serious ecological and economical problems [1,2].

The technique of controlling the pests species is important if pests are extinct or reduce

at acceptably low levels. For the progress of biological control methods, the dynamics of

pest and its natural enemy populations should have to be developed. Therefore, to dis-

cuss farming problems, mathematical models are useful, since these enable the authors

to have a general idea of the system. Mathematical models developed by introducing

delay factors and functional responses, are of great importance and helps to improve the

knowledge of complex phenoms. This means that the simplest mathematical systems

can’t grab, these variations of dynamics of the models [11,12]. The biological control

strategy is the method of releasing natural enemies or infective pests for pest control,

which is an emphasis area in recent years because of less damage to the environment

than chemical methods. Biological control has proven relatively successful and safe. In

population dynamics, pest and natural enemy interactions treat as prey-predator inter-

actions and time delays have come to play an important role in prey-predator systems.

Mankind has mostly used these models as tools to solve such problems and to understand

the behavior of population systems. The model will, of course, could not contain all the

features of the real system, but it is important that the model contains the characteristic

features which are essential in the context of the problem to be solved or described up to

the desired level. The population changes may have important economic and sociologic

consequences; for example, the farmer wants to know how large the pest population in

his crop is most vulnerable and what effects pesticide spraying will have? Therefore, our

main focus will be on controlling pest populations through a prey-predator dynamics.

In this context, many researchers have studied different types of predator-prey systems

with single delay and analyzed the stability and bifurcation (e.g. periodic behavior)

of the systems [3-5, 7, 14, 19]. Also a little attention has paid towards the stability

and bifurcation of the prey-predator model with two delays as discussed in [8-10, 13].

A wide range of pest control strategies is available to the farmers and most methods

are based on chemical insecticides. These chemical pesticides have many disadvantages

[6,15]. Again, biological control suppresses the pest populations with the help of other

living organisms, often called natural enemies or beneficial species [16-18].
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Keeping in mind the above literature, in the present study, we proposed and analyzed a

stage structured plant-pest-natural enemy food chain model. This paper is organized as

follows: in section 2, formulation of the model is presented. In section 3, positivity and

boundedness of the system have discussed. In section 4, the system is analyzed for the

asymptotic stability at all possible four equilibrium states and obtained the conditions

for the existence of Hopf bifurcation at the natural enemy free equilibrium, E2 and the

coexisting equilibrium point, E∗. In section 5 and 6, Hopf bifurcation analysis at E2

and E∗ are presented and analyzed respectively. In section 7, the sensitivity analysis of

the state variables at coexisting equilibrium state with respect to system parameters is

performed. In section 8, numerical simulations are carried out to support our analytical

findings. Finally, the results have been discussed in the conclusion section.

2. The Mathematical Model

The assumptions of the proposed system are:

(i) In a particular patch, there are five types of populations, namely, plant (X(t)),

immature pest (P1(t)), mature pest (P2(t)), immature natural enemy (N1(t)) and

mature natural enemy (N2(t)).

(ii) The plant population grows logistically with α as the intrinsic growth rate and

k being the carrying capacity. Thus, the per capita growth rate of the plant is

αX
(
1− X

k

)
in the absence of pests.

(iii) Mature pests harvest plants, and harvesting functional response is Holling type-I.

(iv) Mature pests can hide them self from the mature natural enemies, hence the

mature natural enemy harvesting pests with Holling type-II response function.

(v) Let β be the predation rate of the plants by mature pests; γ be the harvesting

rate of mature pests by the mature natural enemy. Let a be the half saturation

constant; β1 and γ1 be the conversion rates for mature pest and mature natural

enemy respectively. Let ξ and δ be the maturity rates for immature pest, P1(t)

and immature natural enemy respectively, N1(t). Suppose δ1 is the migration

rate of mature natural enemy, N2(t) and ξ1 is the overcrowding rate of mature
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pest. Also, let µ1, µ2, µ3 and µ4 be the natural mortality rates for immature pest,

mature pest, immature and mature natural enemies respectively.

Keeping in view of the assumptions and interactions, our proposed system is of the

form:
dX

dt
= αX

(
1− X

k

)
− βXP2, (1)

dP1

dt
= ξP2 − µ1P1, (2)

dP2

dt
= β1XP2 −

γP2N2

a+ P2
− µ2P2 − ξ1P 2

2 , (3)

dN1

dt
= δN2 − µ3N1, (4)

dN2

dt
=
γ1P2N2

a+ P2
− δ1N2 − µ4N2, (5)

with initial conditions: X(t) > 0, P1(t) > 0, P2(t) > 0, N1(t) > 0 and N2(t) > 0 for all

t ≥ 0.

3. Positivity and Boundedness

In this section, we state and prove the following lemmas for the positivity and bound-

edness of the solution of the systems:

Lemma 3.1 : The solution of the system of equations (1)-(5) with positive initial

populations, for all t ≥ 0.

Proof : Let ((X(t), P1(t), P2(t), N1(t), N2(t)) be a solution of the system (1) - (5) with

positive initial populations. Let us consider X(t) for t ∈ [0, τ ]. From the equation (1),

we obtain
dX

dt
≥ −αX

2

k
− βXP2,

it follows that

X(t) ≥
exp

{
−
∫ t
0 (βP2) du

}
X(0) +

∫ t
0
α
k exp

{
−
∫ t
0 (βP2) du

}
dv

> 0.

The equation (2) can be written as,

dP1

dt
≥ −µ1P1,
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which evidences that

P1(t) ≥ P1(0) exp

{
−
∫ t

0
(µ1)du

}
> 0.

Also for t ∈ [0, τ ], the equation (3) can be represented as

dP2

dt
≥ −γP2N2

a+ P2
− µ2P2 − ξ1P 2

2 ,

which evidences that

P2(t) ≥
exp

{
−
∫ t
0 (µ2) du

}
P2(0) +

∫ t
0 (ξ1 + γN2

P2(a+P2)
) exp

{
−
∫ t
0 (µ2) du

}
dv

> 0.

The equation (4) for t ∈ [0, τ ] can be rewritten as

dN1

dt
≥ −µ3N1,

which evidences that

N1(t) ≥ N1(0) exp

{
−
∫ t

0
(µ3)du

}
> 0.

Also, the equation (5) for t ∈ [0, τ ] can be written as

dN2

dt
≥ −(δ1 + µ4)N2,

which evidences that

N2(t) ≥ N2(0) exp

{
−
∫ t

0
(δ1 + µ4)du

}
> 0.

In the similar way, we can treat the intervals [τ, 2τ ], ...., [nτ, (n + 1)τ ], n ∈ N . Hence

the proposed system is positive, i.e., X(t) > 0, P1(t) > 0, P2(t) > 0, N1(t) > 0 and

N2(t) > 0 for all t ≥ 0 by induction. 2

Lemma 3.2 : The solution of the system of equations (1) - (5) with initial conditions

is uniformly bounded in Ω, where

Ω =

{
(X,P1, P2, N1, N2) : 0 ≤ X(t) + P1(t) + P2(t) +N1(t) +N2(t) ≤

(α+ µ′)2k

4αµ′

}
,

µ′ = min{µ1, µ2, µ3, µ4}.
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Proof : Let W (t) = X(t)+P1(t)+P2(t)+N1(t)+N2(t). Taking the derivative of W (t)

with respect to t, we have

dW (t)

dt
= αX

(
1− X

k

)
− µ′(W −X) + ξP2 − ξ1P 2

2 .

Since β1 << β, γ1 << γ, δ1 << δ and ξ is to be small, therefore we have

dW (t)

dt
+ µ′W ≤ αX

(
1− X

k

)
+ µ′X.

Taking µ′ = min{µ1, µ2, µ3, µ4}, we get

dW (t)

dt
+ µ′W ≤ (α+ µ′)2)k

4α
.

Therefore,

0 ≤W (t) ≤W (0)e−u
′t +

(α+ µ′)2k

4αµ′
.

As t→∞, we have

0 ≤W (t) ≤ (α+ µ′)2k

4αµ′
.

Hence, W (t) is bounded, i.e., the proposed system is bounded. 2

4. Equilibria and Stability Analysis of the System

The system of equations (1) - (5) have four feasible equilibrium points:

(i) The equilibrium point E0(0, 0, 0, 0, 0) always exists.

(ii) The equilibrium point E1(k, 0, 0, 0, 0) exists.

(iii) Natural enemy-free equilibrium E2

(
k(βµ2+αξ1)
kββ1+αξ1

, αξ(kβ1−µ2)
µ1(kββ1+αξ1)

, α(kβ1−µ2)kββ1+αξ1
, 0, 0

)
exists,

if H1 holds, where H1 : kβ1 > µ2.

(iv) Interior equilibrium E∗(X∗, P ∗1 , P
∗
2 , N

∗
1 , N

∗
2 ) exists only when γ1 > max{

(δ1 + µ4)
[
aβ+α
α , 1,

(
1 + a(kββ1+αξ1)

α(kβ1−µ2)

)]}
, where X∗, P ∗1 , P ∗2 , N∗1 , N∗2 is given by

X∗ = k + akβ
α + akβγ1

α(−γ1+δ1+µ4) ,

P ∗1 = − aξ(δ1+µ4)
µ1(−γ1+δ1+µ4) ,

P ∗2 = − a(δ1+µ4)
−γ1+δ1+µ4 ,

N∗1 = −aδγ1(αγ1µ2+kβ1(−αγ1+(α+aβ)(δ1+µ4))+α(δ1+µ4)(−µ2+aξ1))
αγµ3(−γ1+δ1+µ4)2 ,

N∗2 = −aγ1(αγ1µ2+kβ1(−αγ1+(α+aβ)(δ1+µ4))+α(δ1+µ4)(−µ2+aξ1))
αγ(−γ1+δ1+µ4)2 .

(6)
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Now, we are going to discuss the local behavior of positive equilibria of the system (1)

- (5),

Theorem 4.1 : The local behavior of different equilibria of the system (1) - (5) is as

follows;

(i) E0(0, 0, 0, 0, 0) is always unstable.

(ii) E1(k, 0, 0, 0, 0) is stable only when µ2 > kβ1.

Proof :

(i) The characteristic equation for E0(0, 0, 0, 0, 0) is

(−λ+ α)(−λ− µ1)(−λ− µ2)(−λ− µ3)(−λ− (δ1 + µ4)) = 0. (7)

The eigenvalues are λ = α, λ = −µ1, λ = −µ2, λ = −µ3 and λ = −(δ1 + µ4).

The equilibrium E0(0, 0, 0, 0, 0) is always unstable, because one of the eigenvalues

of (7) is positive.

(ii) The characteristic equation for E1(k, 0, 0, 0, 0) is

(−λ− α)(−λ− µ1)(−λ− µ3)(−λ− (δ1 + µ4))(−λ+ kβ1 − µ2) = 0. (8)

The eigenvalues are λ = −α, λ = −µ1, λ = −µ3, λ = −(δ1+µ4) and λ = kβ1−µ2.
It is observed that the equilibrium point E1(k, 0, 0, 0, 0) is stable only when µ2 >

kβ1. 2

Theorem 4.2 : For the system (1) - (5),

(i) The natural enemy free equilibrium point E2 is locally asymptotically stable, be-

cause two eigen values of the characteristic equation,i.e.,

λ3 +A111λ
2 +A222λ+A333 = 0, (9)

at E2 are directly negative, i.e., λ = −µ1 and λ = −µ3. For remaining three

eigen values, the Routh-Hurwitz criterion is satisfied, i.e., Aiii > 0, i = 1, 2, 3 and

A111A222 − A333 > 0 holds, where A111 = −(a1 + a4 + a6), A222=a1a4 − a2a3 +

a6(a1 + a4), A333=a6(a2a3− a1a4); a1 = −2Xα
k +α−P2β, a2 = −Xβ, a3 = P2β1,

a4 = Xβ1 − µ2 − 2ξ1P2, a5 = − P2γ
a+P2

, a6 = P2γ1
a+P2

− δ1 − µ4; X = k(βµ2+αξ1)
kββ1+αξ1

,

P2 = α(kβ1−µ2)
kββ1+αξ1

. Also it is demonstrated graphically see Figure 2.
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(ii) The natural enemy free equilibrium point E2 is unstable otherwise and the system

undergoes Hopf bifurcation around E2, for graphical representation see Figure 3.

5. Hopf-bifurcation Analysis at E2

Further, we will study the Hopf-bifurcation of the system (1) - (5), taking “β” (i.e.,

predation rate of plants by mature pests as a bifurcation parameter). Now, the necessary

and sufficient condition for the existence of the Hopf-bifurcation, if there exists β = β0

such that (i) = Aiii(β0) > 0, i = 1, 2, 3, (ii) = A111(β0)A222(β0) − A333(β0) = 0 and

(iii) if we consider the eigen values of the characteristic equation at E2 of the system

of the form λi = ui + ivi, then Re d
dβ (ui) 6= 0, i = 1, 2, 3. After putting the values, the

condition A111A222 −A333 = 0 becomes

v11β
5 + v22β

4 + v33β
3 + v44β

2 + v55β + v66 = 0, (10)

where v11 = (e4 + e3 + f3h3), v22 = (e5 + e2 + f3h4 + f4h3), v33 = (e6 + e1 + f3h5 +

f4h4 + h3f5), v44 = (e7 + f9 + f4h5 + h4f5 + h3f6), v55 = (e8 + f8 + f5h5 + h4f6),

v66 = (e9 + f7 + f6h5), e1 = g7(h1h7 + h2h8 + h6g9) + g8(h2h7 + h1h6), e2 = g7(h2h7 +

h1h6) + g8h2h6, e3 = h2h6g7, e4 = −g1g2g6h3, e5 = −g1g2g6h4 − h3(g1g3g6 + g1g2g5),

e6 = −(g1g2g6h5−h4(g1g3g6+g1g2g5)+h3(g1g3g5+g1g4g6)), e7 = −(h5(g1g3g6+g1g2g5)+

h4(g1g3g5+g1g4g6)+h3g1g4g5), e8 = −(h5(g1g3g5+g1g4g6)+h4g1g4g5), e9 = −h5g1g4g5,
g1 = kβ1 − µ2, g2 = kβ1µ2, g3 = αξ1(kβ1 + µ2), g4 = αξ1, g5 = αγ1µ2 − kβ1(αγ1 −
α(δ1 + µ4)) + α(δ1 + µ4)(−µ2 + aξ1), g6 = kaβ1(δ1 + µ4), g7 = kaβ1, g8 = α(g1 + aξ1),

g9 = (α+δ1+µ4+g1)g4ag8−αγ1ag1g4, h1 = (α+δ1+µ4+g1)g4ag7+α+δ1+µ4+g1kg7g8−
a(α + kβ1)g1g8 − αγ1g1kg7, h2 = (α + δ1 + µ4 + g1)kg

2
7 − a(α + kβ1)g1g7, h3 = kg27,

h4 = ag4g7 + kg7g8, h5 = ag4g8, h6 = kβ1g1µ2, h7 = g4kβ1g1 + g1g4µ2, h8 = g1g
2
4,

h9 = kβ1ξ1(α+g1)+g4µ2, f1 = g4(α+g1)ξ1, f2 = (g1+aξ1)α(δ1+µ4)−g1αγ1), f3 = g2g6,

f4 = g2f2+g6h9, f5 = f2h2+g6f1, f6 = f1f2, f7 = g9g8h8, f8 = g9h8g7+g8(h1h8+h7g9),

f9 = g7(h1h8 + h7g9) + g8(h1h7 + h2h8 + h6g9). For example, taking parametric values:

α = 0.05; k = 10; ξ = 0.02; µ1 = 0.2; β1 = 0.05; γ = 0.6; a = 1; µ2 = 0.05; ξ1 = 0.01;

δ = 0.04; µ3 = 0.01; γ1 = 0.3; δ1 = 0.02; µ4 = 0.01. we get a positive root β = 0.21

of equation (10). Therefore, the eigen values of the characteristic equation at E2 of

the system are of the form λ1,2 = ±iv and λ3 = −w, where v and w are positive real

numbers. Now we will verify the condition (iii) of Hopf-bifurcation. Put λ = u+ iv in
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equation (9), we have

(u+ iv)3 +A111(u+ iv)2 +A222(u+ iv) +A333 = 0. (11)

On separating the real and imaginary part and eliminating v between real and imaginary

part, we get

8u3 + 8A111u
2 + 2(A2

111 +A222)u+A111A222 −A333 = 0. (12)

It is clear from the above equation (12) that u(β0) = 0 iff A111(β0)A222(β0)−A333(β0) =

0. Further, at β = β0, u(β0) is the only root, since the discriminant of 8u2 + 8A111u+

2(A2
111 + A222) = 0 is 64A2

111 − 64(A2
111 + A222) < 0. Again, differentiating (12) w.r.t.

β, we have, (24u2 + 16A111u + 2(A2
111 + A222))

du
dβ + (8u2 + 4A111u)dA111

dβ + 2udA222
dβ +

d
dβ (A111A222 − A333) = 0. Now, since at β = β0, u(β0) = 0, we get, [ dudβ ]β=β0 =

− d
dβ

(A111A222−A333)

2(A2
111+A222)

6= 0, which will ensure that the above system has a Hopf-bifurcation

at E2. And it is shown graphically in the Figure 3.

Theorem 5.1 : For the system (1) - (5),

(i) The interior equilibrium point E∗ is locally asymptotically stable, because two

eigen values of the characteristic equation,i.e.,

λ3 +A1111λ
2 +A2222λ+A3333 = 0, (13)

at E∗ are λ = −µ1 and λ = −µ3. For remaining three eigen values, the Routh-

Hurwitz criterion is satisfied, i.e., Aiiii > 0, i = 1, 2, 3 and A1111A2222 −A3333 > 0

holds, where A1111 = a2b1 − a1 − b2 − d1, A2222=a1b2 + a1d1 + d1b2 − a1a2b1 −
c1c2 − a2b1d1, A3333=a1(c1c2 + a2b1d1 − d1b2); a1 = −2X∗α

k + α − P ∗2 β, a2 =

−X∗β, b1 = P ∗2 β1, b2 = − aN∗2 γ
(a+P ∗2 )

2 + X∗β1 − µ2 − 2ξ1P
∗
2 , c1 = − P ∗2 γ

a+P ∗2
, c2 =

aN∗2 γ1
(a+P ∗2 )

2 , d1 =
P ∗2 γ1
a+P ∗2

− δ1 − µ4; X∗ = k + akβ
α + akβγ1

α(−γ1+δ1+µ4) , P
∗
2 = − a(δ1+µ4)

−γ1+δ1+µ4 ,

N∗2 = −aγ1(αγ1µ2+kβ1(−αγ1+(α+aβ)(δ1+µ4))+α(δ1+µ4)(−µ2+aξ1))
αγ(−γ1+δ1+µ4)2 . Also it is demon-

strated graphically see Figure 4.

(ii) The interior equilibrium point E∗ is unstable otherwise and the system undergoes

Hopf bifurcation around E∗, for graphical representation see Figure 5.
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6. Hopf-bifurcation Analysis at E∗

Further, we will study the Hopf-bifurcation of the system (1) - (5), taking “k” (i.e., carry-

ing capacity as a bifurcation parameter). Now, the necessary and sufficient condition for

the existence of the Hopf-bifurcation, if there exists k = k0 such that (i) = Aiiii(k0) > 0,

i = 1, 2, 3, (ii) = A1111(k0)A2222(k0) − A3333(k0) = 0 and (iii) if we consider the eigen

values of the characteristic equation at E∗ of the system of the form λi = ui + ivi, then

Re ddk (ui) 6= 0, i = 1, 2, 3. After putting the values, the condition A1111A2222−A3333 = 0

becomes

a11k
2 + a22k + a33 = 0, (14)

where a11 = m1`3, a22 = `3(m2 + m3 + m5), a33 = p2 + m5(m2 + m3 + m4), m1 =

− (`1β1p2)(p31−γ1p21−aβγ1`1−`1p1)
γ1p31

, m2 = p2α`1(αγ1µ2+`2)
p1

, m3 = −p2(αγ1µ2+`2)
γ1

,

m4 = p2(`1`2+α`1γ1(µ2+aξ1))
γ1p21

, m5 = α2γ31p
2
1 + `4 − `5 − `6 − p3 − p4, `1 = αγ1 − (α +

aβ)(δ1 +µ4), `2 = α(δ1 +µ4)(−µ2 +aξ1), `3 = (aβ(1+aβ)+α(2+aβ))β1γ1p
2
1(δ1 +µ4)

2,

`4 = αγ1(α + aβ − 2µ2)p
2
1(δ1 + µ4)

2, `5 = −αγ21p21(δ1 + µ4)(2α + aβ − µ2 − aξ1), `6 =

−kαγ21p21(δ1+µ4)(1+aβ)β1, p1 = γ1−δ1−µ4, p2 = δ1+µ4
α2γ1

, p3 = −p21(δ1+µ4)
2(α+aβ)β1,

p4 = −p21α(δ1 + µ4)
2(−µ2 + aξ1). For example, taking parametric values: α = 0.6;

β = 0.2; ξ = 0.02; µ1 = 0.2; β1 = 0.03; γ = 0.6; a = 1; µ2 = 0.05; ξ1 = 0.01; δ = 0.04;

µ3 = 0.01; γ1 = 0.3; δ1 = 0.02; µ4 = 0.01; we get a positive root k = 4.8 of equation

(14). Therefore, the eigen values of the characteristic equation at E∗ of the system are

of the form λ1,2 = ±iv and λ3 = −w, where v and w are positive real numbers. Now

we will verify the condition (iii) of Hopf-bifurcation. Put λ = u + iv in equation (13),

we have

(u+ iv)3 +A1111(u+ iv)2 +A2222(u+ iv) +A3333 = 0. (15)

On separating the real and imaginary part and eliminating v between real and imaginary

part, we get

8u3 + 8A1111u
2 + 2(A2

1111 +A2222)u+A1111A2222 −A3333 = 0. (16)

It is clear from the above equation (16) that u(k0) = 0 iffA1111(k0)A2222(k0)−A3333(k0) =

0. Further, at k = k0, u(k0) is the only root, since the discriminant of 8u2 + 8A1111u+

2(A2
1111 + A2222) = 0 is 64A2

1111 − 64(A2
1111 + A2222) < 0. Again, differentiating (16)

w.r.t. k, we have, (24u2 + 16A1111u + 2(A2
1111 + A2222))

du
dk + (8u2 + 4A1111u)dA1111

dk +
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2udA2222
dk + d

dk (A1111A2222 − A3333) = 0. Now, since at k = k0, u(k0) = 0, we get,

[dudk ]k=k0 =
− d
dk

(A1111A2222−A3333)

2(A2
1111+A2222)

6= 0, which will ensure that the above system has a

Hopf-bifurcation at E∗. And it is shown graphically in the Figure 5.

7. Sensitivity Analysis

In this section, the sensitivity analysis of state variables of the system (1) - (5) w.r.t. sys-

tem parameters at the interior equilibrium point is carried out. The respective sensitive

parameters of the state variables at interior equilibrium are shown in the Table 1 using

parameter values: α = 0.6; k = 1.8; β = 0.2; ξ = 0.02; µ1 = 0.2; β1 = 0.03; γ = 0.6;

a = 1; µ2 = 0.05; ξ1 = 0.01; δ = 0.04; µ3 = 0.01; γ1 = 0.3; δ1 = 0.02; µ4 = 0.01. It is

clear that α, k, γ1 have a positive impact on X∗. Whereas β, a, δ1, µ4 have a negative

impact on X∗ and the rest of the parameters have a zero impact on the X∗. Moreover k

is the most sensitive parameter to X∗. Also ξ, a, δ1, µ4 have a positive impact on P ∗1 ; γ1

has a negative impact on the P ∗1 as well as more sensitive to P ∗1 and the rest of the pa-

rameters have no impact on P ∗1 . Again we can see that a, δ1, µ4 have a positive impact

on P ∗2 ; γ1 has a negative impact on P ∗2 as well as it is more sensitive parameter to P ∗2

and the rest of parameters have zero impact on P ∗2 . The parameters α, k, β1, δ, γ1 have

positive impact on N∗1 ; whereas the parameters β, γ, a, µ2, ξ1, µ3, δ1, µ4 have a negative

impact on N∗1 and the remaining parameters have zero impact on N∗1 . The parameters k

and β1 are more sensitive to N∗1 . Also, we see that the parameters α, k, γ1, β1 have pos-

itive impact on N∗2 ; β, γ, a, µ2, ξ1, δ1, µ4 have a negative impact on N∗2 and the rest of

parameters have zero impact on N∗2 . The parameters k and β1 are more sensitive to N∗2 .

Table 1 : The sensitivity indices γxiyj = ∂xi
∂yj
× yj

xi
of the state variables of the system

(1) - (5) to the parameters yj for the parameter values: α = 0.6; k = 1.8; β = 0.2;

ξ = 0.02; µ1 = 0.2; β1 = 0.03; γ = 0.6; a = 1; µ2 = 0.05; ξ1 = 0.01; δ = 0.04; µ3 = 0.01;

γ1 = 0.3; δ1 = 0.02; µ4 = 0.01.

Parameter (yj) γX
∗

yj γ
P ∗1
yj γ

P ∗2
yj γ

N∗1
yj γ

N∗2
yj

α 0.03846 0 0 2.2499 2.2499
k 1 0 0 58.500 58.500
β -0.03846 0 0 -2.2500 -2.2500
ξ 0 1 0 0 0
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Parameter (yj) γX
∗

yj γ
P ∗1
yj γ

P ∗2
yj γ

N∗1
yj γ

N∗2
yj

µ1 0 0 0 0 0
β1 0 0 0 58.500 58.500
γ 0 0 0 -1 -1
a -0.03846 1 1 -2.5000 -2.5000
µ2 0 0 0 -56.250 -56.250
ξ1 0 0 0 -1.2500 -1.2500
δ 0 0 0 1 0
µ3 0 0 0 -1 0
γ1 0.04274 -1.1111 -1.1111 3.7777 3.7777
δ1 -0.02849 0.74074 0.74074 -2.5185 -2.5185
µ4 -0.01425 0.37037 0.37037 -1.2592 -1.2592

8. Numerical Simulations

Numerical simulations of the system (1) - (5) are carried out to justify our analytic find-

ings using MATLAB. The boundary equilibrium E1(5, 0, 0, 0, 0) is stable for parameter

values: α = 0.8; k = 5; β = 0.03; ξ = 0.2; µ1 = 0.02; β1 = 0.003; γ = 0.06; a = 1;

µ2 = 0.2; ξ1 = 0.05; δ = 0.04; µ3 = 0.01; γ1 = 0.03; δ1 = 0.02; µ4 = 0.01 and result

is shown in Figure 1. The equilibrium point E2(1.02, 0.00898, 0.0898, 0, 0) is stable for

the parametric values: α = 0.05; k = 10; ξ = 0.02; µ1 = 0.2; β1 = 0.05; γ = 0.6; a = 1;

µ2 = 0.05; ξ1 = 0.01; δ = 0.04; µ3 = 0.01; γ1 = 0.3; δ1 = 0.02; µ4 = 0.01 and β = 0.5,

as shown in Figure 2 and the equilibrium is unstable and Hopf bifurcation appears for

α = 0.05; k = 10; ξ = 0.02; µ1 = 0.2; β1 = 0.05; γ = 0.6; a = 1; µ2 = 0.05; ξ1 = 0.01;

δ = 0.04; µ3 = 0.01; γ1 = 0.3; δ1 = 0.02; µ4 = 0.01 and β = 0.21, see the Figure 3. The

interior equilibrium point E∗(1.73, 0.011, 0.11, 0.0066, 0.0016) is stable for the paramet-

ric values: α = 0.6; β = 0.2; ξ = 0.02; µ1 = 0.2; β1 = 0.03; γ = 0.6; a = 1; µ2 = 0.05;

ξ1 = 0.01; δ = 0.04; µ3 = 0.01; γ1 = 0.3; δ1 = 0.02; µ4 = 0.01 and k = 1.8, see the

result in Figure 4. The interior equilibrium point E∗(1.73, 0.011, 0.11, 0.0066, 0.0016)

is unstable and Hopf bifurcation appears for the parametric values: α = 0.6; β = 0.2;

ξ = 0.02; µ1 = 0.2; β1 = 0.03; γ = 0.6; a = 1; µ2 = 0.05; ξ1 = 0.01; δ = 0.04; µ3 = 0.01;

γ1 = 0.3; δ1 = 0.02; µ4 = 0.01 and k = 4.8, see the result in Figure 5.
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9. Conclusion

In this paper, a plant-pest-natural enemy stage structured system is proposed. There

are four possible steady states, and asymptotic stability of the system is studied for all

equilibrium points. The existence of Hopf bifurcation at the natural enemy-free equilib-

rium, E2 and interior equilibrium, E∗ is explored. It is verified that the natural enemy

free equilibrium E2 is stable β ≥ 0.5 and unstable when β = 0.21. Also, the interior

equilibrium E∗is stable k ≤ 1.8 and unstable when k = 4.8. Finally, the normalized

forward sensitivity indices are determined for state variables at the interior equilibrium

w.r.t. the system parameters. Simulations of the system are performed with a particu-



DYNAMICS OF STABILITY AND HOPF BIFURCATION ANALYSIS... 15

lar set of parameters to justify our analytic findings.
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