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Abstract
Let A denotes the class of normalized analytical function on open unit disc as

[ee]
given by f(2) = 2+ Y axz*. We studied two subclasses, K,(D¥;~, u,m,3) and
k=2

K,(DY; v, p,m, §) with some examples. DY be the linear differential operator op-
erating on given subclasses. Here we discussed coefficient inequality, integral mean,
extreme points, closure theorem, growth and distortion theorem for the subclass,

KI)(DT/.Y) ,U,m,ﬂ).

1. Introduction and Preliminaries
Let A denotes class of normalized analytical functions in open unit disk U = {z : |z| < 1}

given by
f(z) :z—l—Zakzk. (1.1)
k=2

For f € A [1] has introduced following differential operator
DY : A — C defined by
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DY (f(2)) =z + i (1= NE™ + \"TR=LCap2r (2 € U). (1.2)
k=2

Definition 1.1 : A function f in A is said to be close-to-convex in U, of order «, that
is, f € C(«), if and only if
Re{f(z)} >a (z€U. (1.3)

Definition 1.2 : A function f in A is said to be close-to-star like of order a (0 < o < 1)
that is f € C'S*(a) if and only if

Re{f(z)}>a (z€U) (1.4)

z

We note that the classes C'(0) = C, CS*(0) = CS* are well known classes of close-to-
convex and close-to-star like functions in U.
Definition 1.3 : For two functions f and ¢ analytic in U, we say that the function

f(2) is subordinate to g(z) in U and write

f(z) <g(z) (z€U). (1.5)

If there exit Schwarz function w(z), analytical in U with w(0) = 0 and |w(z)| < 1 such
that

f(z) = g(w(z)) (z€U). (1.6)
J. E. Littlewood has introduced in [7] following subordination theorem which we stated

as lemma.

Lemma 1.1 : Let f and g analytic in unit disc and suppose g < f, then for 0 <t < oo

2T 27
/ lg(re’®)|tdf < / |f(rei)'do (0 <r < 1,t>0). (1.7)
0 0

Strict equality hold for 0 <7 < 1 unless f is constant or w(z) = az, |a=1.

Definition 1.4 :

Dy f

KOs 8).= {1 € B2 | L - w2 v upry - <o} as)

where z € U, y€ C|{0},0<8<1 0< pu<p, me NU{0}, Dy f is defined in (1.2).
Example : If f(z) = z, then for vy = 1,u = p,m = 0,0 < 8 < 1, show that f(z),€
Kp (D5, 1, m, B).
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Answer : Fory=1,u=p,m=0,0< <1,

1 Dy 1 DY
(-0 wuogsy—5)| = [ (6-n2 04 -1)
= [(DYf) -1
= [f(») 1
= 1-1]
< B.
Hence f(Z) S KP(DT777ﬂamaﬁ)'
Definition 1.5 :
Kp(DT 7y, p,m, B) = {f € Kp(DYsv, p,m, B) : ki(pﬂL (k—1)p)

(1.9)
[(1 = N)E™ + A1 Clag| < ply]8}

Remark 1: If f € K,(DY;v,pu,m,3),7=1,u=0,m =0, then f € C(1 - f3).
Remark 2 : If K,(DY'; vy, u,m, ),y =1,u=0,m =0, then f € CS*(1 - f).
Example : If f(z) = sinz, then for v = 1,4 = p,m = 0,3 = 1, show that f(z) €
K, (D%, p,m, () iff | cos |2 — 2Re cosz < 0.
Answer : |cosz|? —2Re cosz <0

Cosz.Cosz —2Re cosz < 0

Cosz.Cosz — (cos z + Cosz) < 0.

Cosz.Cosz — Cosz — Cosz +1 < 1

|cosz — 1% < 1.

|cosz—1] <1

L(w-0Z v uopsy-»)| = [(o-n2L oty -5)
— Dy -1
= |(sinz) —1]
= |cosz —1]
< 1

Hence f(z) € K,(DY';7, u, m, 3).
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[e.°]

Example : If f(z) = sinz, then for v = ) ﬁ,u =0,m=0,03= I%. Show that

f(Z) = KP(D;\HerHU’amHB)

Answer:

. z z z
flz) = sz:z_ﬁ—i_ﬁ_ﬁ—i_”'
00 where a; = 0 if kis even
= 24>t = gy if k=4 (mod 3)
k=2 = ﬁ if k=4 (modl)
= D (4 (k= Dp)[(1 = Nk + X710 ay
k=2
= D (p+ (k= 1D[1 = NE + X Ca)k|
k=2

IN
Bl
gk
=
|
—_

IA
=
2
=

Hence f(z) € f(p(DT;%Mamaﬁ)'

2. Coefficient Inequality, Growth and Distortion Theorems, Closure

Theorems

Theorem 2.1 : Let f(z) € B satisfy
S0+ k= DL — MK + Aoy < plal 8 (2.1)
k=2

yeCH{0}, 0<p <1, O<u<p, A>0, me NU{0}/

Then f € Ky(D§s 3,1, B).
Proof Assume (2.1) is valid for f(z) € B and v (y € C|{0}),800< 8 <1),u (0 < p <
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p),m € N U{0}. Using (1.8) we have

DY'f / (p—u) = h-1 k
—u)—= V) —p= 1—NkE"+ A" C
(p—u)=2= +u(DYf) —p =" z+kZ:2[( K" 4+ AT Clayz
o [T+ [ = NE + XL Clkag s - p
k=2

=(p—u)

1+ (1= Nk + A”+’f—;c]akzk—1]
k=2

+u

L4+ [(1 = Nk + A Clkay2 ! — p]
k=2

(p = w)[(1 = NE" + X Clagz"

e

T

+ 3 (1= NE" + AL Clkpay 2!
k=2

= (p+pk— D[ = NE" + X\ 10 a2t

(o)

D o+ plk = DL = NE" + X0 a4
k=2

< ) (A plk = DL = NE" + XLy
k=2
< phvlp.

=
|
>
+
£,
)
>3
=
|
s
A

Therefoer f € Kp(DX;~, p,m, 3).
Corollary 2.1 : If f(z) € IN(p(DT;%u,m,ﬁ) then f(z) € Kp(DY'; 7, u,m, 3).
Theorem 2.2 : If f(2) € f(p(D;\”;'y,,u, m, [3) then

P8
[p+ (k= D[ = Nk + A1

lag| < k> 2.

Proof : Given that f(z) € f(p(DT,'y,u,m,ﬂ). Therefore,

Y o=k = DI = k" + N"1Cag| < ply|6
k=2

[p + (k= DI = NE™ + A" Cllax| < ply|B
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P8
[p+ pu(k — DI[(1 = Nk + X" HF50)

Theorem 2.3 : Let function f(z) defined by (1.1) be in class f(p(Df\";%,u,m,ﬁ) then

lag| <

2] — ply|B
[p+ pl[(1 = A)2" + An]

ph|p
[p + H][(l — )\)271 4 )\n] ‘Z|2- (2.2)

Equality is attained for function f(z) given by f(z) =z + [p+5][(f|j/|\€2”+/\n] 22

Proof :

12> < £ (2)] < |2] +

o+ V)[(1 = 22" + M Y Jax] = (p+ p)[(1 = A)2" + A"TFCT Y fa
k=2 k=2

< (p+ (B = Dp)[(1— NE™ + X1y
k=2
< plv|B.

Therefore,

S PRI
k2:2 k| = o+ p][(1 = N)2" + An] (2.3)

Also f(2) = z+ > apz" and using (2.3)
k=2

f(2)] < Iz +I§2lak|\2k!
(2.4)
<2+ |2 ; |ag| < |2| + ’2‘2[p+u“(flj)|§2n+)\n]
Similarly
FACI = b k;!ak\\zk\
(2.5)
> |z - !2\2];:32\%\ > |z| - \Z\ﬂpﬂ”(f'ﬂ@nﬂny
Using (2.4) and (2.5)
pl|B 2 pl|B 2
_ < < .
A A vz o S V@S E e e
Hence
p[v|B plv|B
el - o 2 < £ < || + a 2P

[p+ Hll(1 = A)2m + A" O] [p+ Hll(1 = A)2m + A" O]
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Equality is attained for function f(z) given by

plv|B 52
[+ p][(1 = X)2" + A" .0

Theorem 2.3 : Let function f(z) defined by (1.1) be in class K,(Dy, u,m, 3) then

2p|v|6 2p|v|63

flz)= z+

1-— < <1 . 2.
Al = 2 o] 7= PETS I o ! (26)
Equality attained for function f(z) given by f(z) = z + %z?
Proof : Let f(2) =z + Y apzF and f/(2) = 1+ 3. kapzh!
k=2 k=2
fZ) < 1 +kE klag]|2* |
=2
(2.7)

[e.e]
< L |z| X klaxl
k=2

But -
Y I+ plk = DL = K"+ N0 ag | < olv|B.
k=2
Also
2p+ (k=2)p =0
2p+ kp—2p >0
2p + 2ku — 2u > kp
%L <p+(k—1)pu.
Similarly

(1= NE" + A0 p + (k= D)p)

k — k
> (1= 2"+ AT S = N2+ Al
k=2

2
<3+ (k= DL~ MR + A1y
k=2

< ph|85 YOk = 02" + Anllar] < phs
k=2

2p|v|ﬁ
Zk'“ SN iR
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From (2.7)
2phy|B
N < 1+ el (28)
Similarly,
£ = 1= 3 kol
- (2.9)

v

= 2
1—|z| kzzk‘ak‘ >1- %M

(2.8) and (2.9) imnplies that

2ph|6
w[(1—A)2" + An]

2p|v| 8 N

1= w[(1 = X)2" + An

2 < [f(2) <1+

Equality attained for function f(z) given by f(z) =z + %22.

3. Closure Theorem
Theorem 3.1 : Let fj(z) = 2+ Z ar ;2% f;(2) € Kp(DY;, p,m, B) then for g(z) =

l

Zlcjfj(z) ( )EK(D)\>7 N)mﬁ) Wherezcj_l
J= j=1

Proof : Let fj(z) =z + Z ax ;2" with f;(z) € K(DT;y,u,m,ﬂ).
k=2

> o+ p(k = DI[(1 = X)2" + An]|ay ;| < pl|8.
k=2

l
9(z) = Y cif(2)
j=1
l [%S)
= Z Cj <Z + Z akdzk)
j=1 =
= z—i—ch Zak,]z
7=1 k=2
= z+ sz chak:,j
k=2  j=1

[e's) !

_ k _

= z+ ez where e = CjQ ;-
k=2 j=1
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Claim : g(z) € K,(D{% 7, p,m, )

M8

[P+ p(k = D1 = A)2" + An]fex|

i

M- Ie ©

Il
A

l
E :Cjak,j

J=1

[p + u(k = D1 = A)2" + An]

IN

<Cj DI+ k= DA = 22" + M]Idk,jl)
k=2

J

l
<> cihlp
i=1

< ply|B.

Therefore g(z) € KP(DT;%/L, m, ().

4. Extreme Point Theorem

Remark 4.1 : For v € C|{0},0 < 8 < 1,0 < p < p,m € N U {0} the following
functions are in Class Kp(DT; v,y m, 3)

B pBI|
filz) = Z+(p+u)[(1—)\)2”+)\n]22 (ze€U)
B plvlB 3
fo(2) = z+ (p+2,u)[(1—)\)3"+)\”+2n0]z (2 €0)
fa(z) = z+ < (ply|8 — 1) 2 (zeU)

(p+ @1 =)2"+An] * (p+2u)[(1 = X)3" + X"T2.C)

Theorem 4.1 : Let fi(z) = z and

_ plv|p k
fk(z)_z+ (p+(k_I)M)[(l_)\)kn_‘_/\n—kk—%C]Z (k22) (4'1)

Then f(2) € Ku(Dy7,p,m, ) if and only if f(z) = 3 A\fi(2) where )\, > 0 and
k=1

718

A = 1

k=1
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Proof : Suppose that

1) = SN
k=1

B . plv|B &
= Mfi(z —|—Z)\k< + F (k- D)1 /\)kn+)\n+k 10] )

- - . . phB K
- <1 ZA'“) +22A‘“< ot (= DL = Nk + XA )

p|v|3 k
= z+ Ak P R
; (k—1D)p)[(1 = Nk 4+ A"l

\ep|y|B
z+ gakz where ayg (p+ (k _ 1)#)[(1 _ )\)k" + )\n+k7%C]Z
Claim : f(z) € K(Dy;~, 1, m, B).

ZLp + (k= D1 = NE" + X" Cag |

S - Aeply|B

— MK+ AL KD

kZ:2p+lu e " ](p+ (k= 1)p)[(1 = Nk + A1 0

= p|7!»3z)\k
k=2

=plv[B(1 = A1)
< plylB.

From Theorem 2.1 f(z) € IN(p(Df\”;’y,u,m,ﬂ). Setting A\ = (pt (k=1 )[(lplfy\|)§n+>‘n+k nC] ak
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and )\1 =1- Z )\k
k=2

Do Mfe(z) = M)+ Y k=20 fu(2)

k=1
(o) (o phl8 i
B (1 ;A"’) +kZ:2A'“< "o+ (k= D)L= Nk A )
_ 1—§:Ak p||8 k

= (p+ (k= Du)[(1 = Nk» + A0
_ 14 f: (p+ (k= D)[(L = VA" + A1 Clay
k=2

plvIB
p|v|3 Sk
(p+ (k= D)p)[(1 = A)k™ + A0
= z+4 Z akzk
k=2
= f(2).

Hence f(z) = k§1 e fie(2).

5. Integral Mean Inequality for Differential Operator
Theorem 5.1 : f(z) € f(p(Df\”;%u,m,ﬁ) and suppose that

(1 AR AT Ol < PP
kzﬂ[(l MR" N5 Ol < o (5.1)

Also let the function

(2) = 5 p||8 i .
A PR STV oo v M A

If there exists an analytic function w(z) given by

wlz -1 _ w - o n n+k——1 a Zkfl
= R R U

Then for z = re with 0 < r < 1

2 2
/0 D} f(2)|d6 < /0 D)8 (0<A<1,t>0)
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where DY is differential operator defined in (1.6).
Proof : We have from definition (1.6)

RF(2) =14 [(1 = NE" + X" 1 Cay 2
k=2

plv|B i
(p+0G—Dp)”

For z = re? with 0 < r < 1 we have to show that

Dyfi(z) =2+

27 0 ¢
/ 14+ 310 = Ak + A LCah 1 d
0 k=2
2 t
p|v|3 _
< 14— do (¢t >0).
/0 (p+ (G —1)p) ( )

By applying Littlewoods subordination theorem, it would sufficient to show that

plv|B -1

1+ 1= NE" + A1 0gp R <1 — 2
2 10-% Jo (p+ (- D)

k=2
That is t(z) < h(z) where

tH(z) =14 [(1 = k" + A" Clag2 !
k=2

plv|B i1
P+ (G —1Dn)
That is we want to show that ¢(z) = h(w(z)), w(0) = 0 and |w(z)| <1

h(z) =1+

o P8 w(z)i—1
M) = I er G-

P8 (G — 1)) ko1 ko1
= 1+ - + A 2Clagz
(p+(—1n) plvlﬁ z; |

= 14> [(1 =Nk + A" Clag2b!
k=2
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Moreover we prove that analytic function |w(z)| < 1,z € U
. + (= 1) — _ _
”U)(Z)] 1| = MZ[(l _ )\)k,n +)\n+k %]akzk 1

Pl =

p|v|B

-1)
G = D) 5 31 = NE + AL ay |25
k=2

P (p(j - l)lu) S _ n n+k—1 a

|z| <1 by hypothesis(5.1).

IN

Hence proved.

6. Convolution Theorems

73

oo oo
Definition 6.1 : If f(2) = 2 + g(2) = 2+ Y. ar2”, g(2) = z + 3. bpz¥, then hadmad
k=2

k=2
product is defined as given bellow

fxg=2+ Z(akbk)zk

k=2

~ (o]
Theorem 6.1 : Let f,g € K(DV;v,u,m,3) where f(2) = 2 + > axzF,

k=2

Z2bk.zk7 with ag > 0, by > 0 and (akbk)% < 1. Then fxg € K (DY, 1, m, B3).

Proof : We have f € f((D;\”;’y, w, m, 3) if and only if

> o+ p(k = D][(1 = MK + X1 ax| < ply|B
k=2

g€ IN((D;”;’y,u,m,ﬁ) if and only if
> [p+ plk = DI = Nk + X"HE1C)bg| < plyl B
k=2

By Cauchy Schwarz inequality

1
oo} o0 2 o0 2
1
> ~(tiklak|telbe])2 < <§ twk\) (E tk|bk\>
k=2

k=2
where t, = (p + (k — 1)p)[(1 — Nk™ + A=

> o+ W1 = NE + A"H-1Cagby]2 < ply|B.
k=2

(6.1)

(6.2)
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By assumption (akbk)% < 1. Then
arbr < (akbk)% (6.3)

Thus from (6.2) and (6.3)
D (k=D)L= NE" -+ XFICarbe| < ply]B.
k=2

Hence f*xg € Rp(DT;’Y,%maﬁ)-
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