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Abstract

We introduce a new class of mappings called p— cyclic weak ¢ — contractions which
contains the p— cyclic ¢ — contractions mappings as a subclass. Then, convergence
and existence of best proximity points for p — cyclic weak ¢ — contractions map-
pings are obtained. Moreover, results are generalizations of the results of calogero
vetro (2010)[30].

1. Introduction

In 1922, Banach[3] stated that every contraction on a complete metric space has a

unique fixed point. This theorem is known as Banach contraction mapping principle or

Banach fixed point theorem. Banach’s theorem preserves its importance in fixed point

theory and has applications not only in many branches of mathematics but also in
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in economics. In particular, in micro economics, for the Nash equilibria, fixed point
theorems are used (see e.g [20,4]).

In 1969, Boyd and wong[5] gave the definition of ¢-contraction: A self mapping T on a
metric space X is called ¢-contraction if there exists an upper semi-continuous function

¢ : [0,400) — [0,400) such that
d(Tz,Ty) < ¢(d(x,y)) forall z,y € X.

Later, in 1997, Alber and Guerre-Delabriere [1], introduced the definition of weak ¢-
contraction: A self mapping T on a metric space X is called weak ¢-contraction if for

each z,y € X, there exists a function ¢ : [0, 4+00) — [0,400) such that

In addition, Alber and Guerre-Delabriere defined weak ¢-contraction on Hilbert spaces
and proved the existence of fixed points in Hilbert spaces. Rhoades[25] showed that
most of the results in [1] are also valid for arbitrary Banach spaces.

Notice that if ¢ is a lower semi-continuous mapping then ¢(u)=u-¢(u) becomes ¢-
contraction[5]. The notions ¢-contraction and weak ¢-contraction have been studied by
many authors,(e.g; [12, 26, 27, 28, 14, 15, 16].)

Cyclic maps were defined by Kirk-Srinivasan-Veeramani in 2003. They stated the fol-
lowing Theorem (see[17], Theorem 1.1).

Theorem 1.1 : Let A and B be non-empty closed subsets of a complete metric space
(X,d). Suppose that T: A UB — A U B is a map satisfying T(A)CB and T(B)C A and
there exists ke(0,1) such that d(Tx,Ty)<kd(x,y) for all x€A and yeB. Then, T has a
unique fixed point in ANB.

(see[2,7]). Let A and B be non-empty closed subsets of a metric space (X,d) and ¢:
[0,4+00) — [0, +00) be a strictly increasing map. A map T:AUB—AUB is a called a
cyclic weak ¢-contraction if T(A)CB and T(B)CA and

d(Tz,Ty) < d(z,y) — ¢(d(z,y)) + ¢(d(A, B))

for all z € A and y € B where d(A,B)=inf{d(a,b):ac A,beB}.

A point x€ AUB is called a best proximity point if d(x,Tx)=d(A,B). Further, if o €(0,1)
and ¢(t)=(1-a)t, then T is called cyclic contraction (see[10]). Rezapour-Derafshpour-
shahzad (see[23], also[24]) stated the following theorem:
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Theorem 1.2 : Let (X,d,<) be an ordered metric space, A and B be non-empty subsets
of X and T:AUB—AUB be decreasing, cyclic weak ¢-contraction, that is, T satisfies
(Cyclic weak ¢ contraction). Suppose there exists xo €A such that zg < T2z <
Tzo.Define z,,4 1 =Tx, and d,:=d(x,+1,%x,) for all n€ N. Then d,, —d(A,B).
(see[7]). Let A and B be non-empty closed subsets of a metric space (X,d) and ¢:
[0,4+00) — [0,+00) be a strictly increasing map. A map T:AUB—AUB is a called a
Kannan type cyclic weak ¢-contraction if T(A)CB and T(B)CA and

d(Tx,Ty) < u(x,y) — d(u(z,y)) + ¢(d(A, B))

for all z € A and y € B where u(x,y)=3[d(x,Tx)+d(y,Ty)] and d(A,B)=inf{d(a,b):ac
A beB}.

2. Preliminaries

In this section we give some basic definitions and concepts which are useful and related
to the context of our results.

Definition 2.1 : Let Ay, A, -, A, be nonvoid subsets of a metric space (X,d). A
mappings T : UY_ | A; — UP_, A; is said to be a p-cyclic mapping if T(4;) C A;4q for
i=1,2,---,p where A,y; = Ay. A point x € A; is said to be a Best proximity point if
d(z,Tz) = d(A;, Aiy1).

Lemma 2.1 (3.3 [29]) : Let (X,d) be a metric space and let Ay, As,---, A, be non-
void subsets of X. if T : UY_;A; — UY_, A; is a p-cyclic non-expansive mapping then
d(A;, Aiv1) = d(Aig1, Aigo) = d(Ag, Ag)for i = 1,2, ... p.

Definition 2.2 [11] : Let Ay, As,--- , A, be nonvoid subsets of a metric space (X, d).A
p-cyclic mapping 7" on UleAi is called a contraction mapping if there exists k € (0,1)
such that d(Tx, Ty) < kd(x,y) + (1 — k)d(A4;, Aiy1)

Ve e Aj,y € Ajv1,i=1,2,....,p.

Definition 2.3 : Let (X,d) be a metric space and let Ay, Ag,--- , A, be nonvoid subsets
of X. A p-cyclic mapping 7" on U?_, A; is called a weak ¢-contraction if there exists a

strictly increasing function ¢ : [0, 00) — [0, 00) such that

d(T, Ty) < vz, y) — ¢(v(z,y)) + ¢(d(Ai, Ait1))

for all z € A; and y € A;41 where v(x,y)=3[d(Tx,Ty)+d(x,y)]and
d(AZ, Ai+1):inf{d(a,b):a€ Ai,bGBH_l}
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Lemma 2.2 : Let (X,d) be a metric space and let Ay, Ay, ---, A, be nonvoid subsets
of X. If T: UY_ | A; — UY_, A; is a p-cyclic ¢-contraction then

(l) —¢(d($,y)> + (Z)(d(AZ,AH_l)) <Oforallx € A; and y € A;41 ,i=1,2,.....p

(i)d(Tz,Ty) < d(z,y) for all x € A; and y € A;y1 , i=1,2,....,p for all z € A; and
y e Ay

Theorem 2.3 : Let Ay, As,---, A, be nonvoid subsets of metric space X.Let T :
WP_ Ay — UP_| A; is a p-cyclic ¢-contraction. For zg € UY_; A; Then d(TP"z, TP"ly) —
d(A;, Ait1) as n — oo for all z,y € A;.

Theorem 2.4 : Let Ay, As,---, A, be nonvoid subsets of metric space X.Let T :
UP_ A — UP_ A; is a p-cyclic ¢-contraction.If for x € A; the sequence {T7"z} has
a convergent subsequence in {TP"z(} convergent to a point x € A; then d(z,Tx) =
d(A;, Aitr).

Theorem 2.5 : let Ay, As,---, A, be nonvoid subsets of a uniformly convex Banach
space X such that A;, A;; is convex and let Let T : UY_|A; — UY_| A; be p-cyclic
¢-contraction.Given xg € A; then for every € > 0 there exists n. such that || TPz —
TPy ||< d(A;, Aip1) + € for all m > n > ne.

Theorem 2.6 : let Aj, As,---, A, be nonvoid subsets of a uniformly convex Banach
space X such that A;, A;41 is convex and let Let T : UY_  A; — UY_| A; be p-cyclic ¢-
contraction.If A; is closed and d(A;, A;+1) = 0.Then T has a unique fixed point x € ﬂle

and TP"zy — x(T"xy — x) as n — oo for all xg € Ai.

3. Results for p-cyclic weak ¢ Contraction
Now let us state our main result.
Example 1 : Let X = R with the usual metric and let Ay, A, -, A, = [0,1]. The

mapping T': Uj_; A; — U]_ A; defined by Tw = £ is a p-cyclic weak ¢ contraction if
t2

we choose a strictly increasing function ¢ : [0,00) — [0, 00) with ¢(t) = fsp I isnot a

p-cyclic ¢-contraction.
Example 2 : Let X = R with usual metric and let Ay = [0, 1], A2 = [-1,0], A3 = [1,2].

The mapping T : U_;A; — US| A; defined by Tz = is a 3-cyclic weak ¢-

D

contraction if we choose ¢ : [0,00) — [0, 00) with ¢(t) = (fjt).
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Lemma 3.1 : Let (X,d) be a metric space and let Ay, Ay, --- , A, be nonvoid subsets
of X. If T: UP_ | A; — UY_| A; is a p-cyclic weak ¢-contraction then

(i) —op(v(z,y)) + @(d(A;, Aiy1)) <Oforall z € A4; and y € A1, i=1,2,---p
(ii) d(Tx, Ty) < v(z,y) for all x € A; and y € A;j41 ,1=1,2,-- - ,p.

Proof : Let T : UY_; A, — UP_| A; is a p-cyclic weak ¢-contraction mapping

To prove that

(i) —p(v(z,y)) + ¢(d(Ai, Aiy1)) <Oforallz € A; and y € A1 ,i=1,2,...,p

clearly d(A;, Ai+1) < v(z,y) for all x € A;,y € A;y1 since ¢ is a strictly increasing
function, —¢(v(x,y)) + ¢(v(x,y)) = 0. Obiviously, —¢(v(z,y)) + ¢(d(A;, Ait1)) <0
hence,—p(v(z,y)) + ¢(d(A;, Aiv1)) <O forall z € A; and y € A;y1 ,i=1,2,.....p

(ii)to prove that d(Tz, Ty) < v(z,y) for all x € A; and y € A;y1 , i=1,2,.....p

from(i) we get

—¢(v(z,y)) + d(d(Ai, Ait1)) < 0.

From the definition of (2.3)

d(Tz, Ty) < v(z,y) — ¢(v(z,y)) + ¢(d(Ai, Ait1))

for all x € A; and y € A;41 where V(x,y):%[d(Tx,Ty)+d(x,y)] and d(A;, Ait1) =
inf{d(a,b) :a € Aj,be Aj11}

Therefore we get d(T'z,Ty) < v(x,y) for all z € A; and y € A;41 , i=1,2,....,p, O
Theorem 3.1 : Let Ay, As,---, A, be nonvoid subsets of metric space X.Let T :
U A; — U A; is a p-cyclic weak ¢-contraction. For zg € UY_; A;.

Then d(Txpn, Typnt1) — d(A;, Aiy1) as n — oo for all z,y € A;.

Proof : Let dy, = d(Txpn, Txpn+1) for all n > 1. It follows from Lemma 3.1(ii) that
{d,} is decreasing and bounded.

Thus ILm d, = to for some to > d(A;, Ai+1). If to = d(A;, Ait1) there is nothing to
prove.nSoo,Owe assume that ¢ty > d(A;, Aij+1)

Now, we have

dny1 = d(Tzpp41), TYpngy+1) < - < d(Txpnt1, TyYpnr2)
dn - ¢(dn) + ¢(d(Al7 Ai+1))

IN
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and hence
P(d(Ai, Ait1)) < ¢(to) < ¢(dn) < dn — dn+1 + ¢(do) (1)

for all n > 1 since ¢ is a strictly increasing function d,, > ty > d(A;, A;j4+1). for all n > 1.
It follows from (1) that

lim ¢(d,) = ¢(to) = ¢(d(Ai, Ait1))

n—oo
As, ¢ is strictly increasing function we have tog = d(A;, Aiy1). O
Corollary 3.3 : Let Aj, Ao, ..., A, be nonvoid subsets of metric space X.Let T :

UP_ A, — U A; is a p-cyclic weak ¢-contraction. Then
(i) d(Txy, Txps1) — d(A1, Ag) as n — oo for all g € A4; , i=1,2,...,p
(i) d(Tzpny1), Topnt1) — d(A;, Aip1) as n — oofor all xg € 4; , i=1,2,...,p.

Proof : (i)By lemma 2.1 d(A1, A3) = d(A;, Aiyq) for all i=1,2,....p

since T is a weak ¢ - contraction.

By Lemma 3.1 the sequence {d(Txy,Txp+1)} is decreasing and so (i) follows from
Theorem 3.2.

(ii) By Theorem 3.2 if T' = Tz, and we obtain (ii) that is,

d(Txpmi1y, Topni1) — d(Ai, Aiy1) as n — oofor all zg € A; , i=1,2,....,p. a
Theorem 3.4 : Let Aq, Ay, ...., A, be nonvoid subsets of metric space X. Let T :
UP_ A — UP_| A; is a p-cyclic weak ¢-contraction. If for z € A;, the sequence {TX,,}
has a convergent subsequence in {T'x,,, } convergent to a point x € A; then d(z,Tz) =
d(A;, Aitr).

Proof : From

d(Ai, Aiyr) = d(Aisq, Ay)

<d(xz,Txpn,—1)
< d(xv Txpnk) + d(TmPnkflv Txpnk)

for all £ > 1, it follows by Corollary 3.3(i).

That d(z, Txpn,—1) — d(Ai, Ait1).

Since d(A;, Ait1) < d(Txpp,, Tx) < d(Txpn,—1,2) for all k > 1, as k — oo it follows
that hence d(z,Tz) = d(A;, Aiy1). O



BEST PROXIMITY POINTS : EXISTENCE AND CONVERGENCE... 83

Lemma 3.5 : Let Aj, Ao, ...., A, be nonvoid subsets of a uniformly convex Banach
space X such that A; is convex and let Let T : UY_;A; — UY_ A; be p-cyclic weak
¢-contraction then || T'wp, 1) — Tpn [[— 0 and

| Tzpnt1)+1 — TTpnt1 || = 0 as n — oo for all z € A;.

Proof : To show that || Tz,41) — Topn [ = 0, n — 00

we assume the contrary, then there exists €g > 0 such that for all £ > 1 then there exists
ng > k so that

| Txpiny+1) — TTpny, = €o-
Choose a € (0,1) such that < > d(A;, Aj+1) = do and choose € such that

d(a)d
0<e< mz‘n{%o - do,liag(ogé)}.

Now by Corollary 3.3 (ii) and Theorem 3.2, there exists n. such that

H T‘Tp(nkJrl) - Tﬂjpniﬁ-l H< dO +e€

and

H szmk - Txlmk-i-l H< do+e

for all ng > n.. It follows from the uniform convexity of X that

€0
| T, + Ty 1) = T 1< (1= 3(7 %)) (do +)

Tapn, +TT,
for all ny > n..As (Tpny 2%( k+0) € A;

the choice of € and the fact that ¢ is strictly increasing imply that
| M — TZpn,+1 ||< do for all ny, > ne which is a contradiction.

A similar argument shows || 77, 41)41 — TZpn+1 [|[— 0 as n — oo. O
Theorem 3.6 : Let Ay, Ao, ...., A, be nonvoid subsets of a uniformly convex Banach
space X such that A;, A;41 is convex and let T : UY_; A; — UY_, A; be p-cyclic weak
¢-contraction. Given xg € A; then for every e > 0 there exists ne such that || Txp,, —
Txppi1 || < d(Aj, A1) + € for all m > n > ne.

Proof : Suppose the contrary .Then there exists ¢g > 0 such that for each k < 1 there

exists m > n > k satisfying

| Tpm,, — Topny+1 || 2 d(Ai, Aiv1) + €0 and (2)
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| T p(my—1) — TTpny+1 [|< d(Ai, Aigr) + €0 (3)

It follows from (2)the triangle inequality and (3) that

d(Ai, Ait1) + €0 <[| Txpm,, — Txpny+1 ||
S” Txpmk - Tmp(mkfl) || + H Tmp(mkfl) - Twpnk-f-l ”

<|| Tzpmy, — Top(m,—1) || +d(Ai; Aiv1) + €0
Letting £ — oo Lemma 3.5 implies
M || Ty, — T [|= d(Ai; Aiga) + 6o (4)

Applying the triangle inequality Lemma 3.1 (i,ii) and the cyclic ¢-contraction property

of T, we obtain

| Topmy, = Topn1 | < | T2pmy, — TZpmytp || + | TTpmy+1) = TTp(ng+1)+1 |

+ | T2y 4141 — Tpny+1 ||

< N Tazpmy — Topmy41) | 4 | Tapmy1 = Tpn, 42 ||
+ | Tzpny+1)+1 — Tpny+1 ||

< N Topmy, = Topg) ||+ | Topmy, — Tpny 41 ||
=0l Txpmy, — Txpny41 |I) + G(d(As, Air)) ||
+ | Tzpny 4141 — Tpny+1 ||

< [ Tzpm, — T p(my+1) |+ | Tzpmy, — Topny+1 ||

+ 1 T2y )41 = Topmy41 | -
Letting & — oo and using (4)and Lemma 3.5 we obtain

d(A;, Aig1) +e0 < d(Ai, Aig1) + €0 — klifrolo S| Trpmy, — Tpng+1 II)
+é(d(Ai, Aiy)
d(Al, Ai-‘,—l) + €0

IN

and hence,

Jim. (| Tzpmy, — Tpnyt1 ||) = ¢(d(Ai; Aigr)) (5)
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Since ¢ is strictly increasing, it follows from (1) and (5) that

P(d(As, Aip1) +€0) < klgglo (| Txpmy, — Txpny+1 ||)
O(d(As, Aivr)) < d(Ai, Aigr) + €0

which is a contradiction. O
Theorem 3.7 : Let Ay, Ag,...., A, be nonvoid subsets of a uniformly convex Banach
space X such that A;, A;11 is convex and let Let T : UleAi — UleAi be p-cyclic
weak ¢-contraction.If A; is closed and d(A;, A;+1) = 0.Then T has a unique fixed point
z e M?_, and Tap, — z(Tx, — x) as n — oo for all zg € Ai.

Proof : Choose € by the Theorem 3.2 and 3.4 there exists Ny such that || Tz, —
Txppt1 ||< € for all n > Ny.

By Theorem 3.6, there exists Na such that

| Tapm — Tapnia [< €
for every m > n > Nj. Let N = maxz{Ny, N2} it follows that
| Tpm — Tapn [|<|| Topm — Tpnir | + || Topnir — Tapn [|< €

for all m > n > Ns.

Thus {Txpy,} is a Cauchy sequence in A;. Now if A; is closed.
Txp, — x € A;j as n — 00.

By theorem || 2 — Tz ||= 0 and x is a fixed point of T and hence z € NY_, A;.

To show that the uniqueness of x, we assume that y is another fixed point of T since

[z —yl=lTe =Ty <l z—-yll —o(lz -y )+ ¢(0)

it follows that ¢(|| z — y ||) = ¢(0) and so x=y.
The sequence {|| x—Txy, ||} is decreasing and bounded, then we conclude that T'z,, — =

as 1 — OoQ. O
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