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Abstract

By means of certain differential operator we introduce and investigate two subclasses
RS (A, b,0) and RGY . (A, b,d) of g-valently analytic functions. The various re-

n,m n,m
sults obtained here for each of these classes. We have attempted to obtain coefficient

estimate, distortion theorem, radius of starlikeness, convexity and closure theorem
for the classes RS¢ ., (A, b,6) and RGY . (A, b, d).

1. Introduction

Let A(n) be the class which contains the functions h(w) normalized by

h(w) = w9 — Z azw”, az >0 and n,g €N (1.1)

r=n+q

which are regular and g-valent in F = {w : |w| < 1}.
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We introduce here Bernardi-Libera-Livingston Integral Operator:

Aq (Y
Fahw) =% /0 P h(y)dy, (\> —qiw € E)
Simplifying we get
A
f(;‘h(w) =w? — + qamw”C,
A2
r=n-q
A (m) _ q qg—m — &z Aty x—m
)™ = (4 )w Z+( o) (32 e

m:

where ( r ) — x(x_l)(x—2)""(x—m+1)'
m

By using the operator .7-"q)‘h(w), we define new subclass that h(w) is in the subclass
RSE m(A, b, 8) if h(w) satisfying the relation

<1 (1.2)

L Sw(Fh(w)) " Y 4+ dw?(Fh(w)) "2
b\ Mw(FM(w)) D 4 (5 — \)(Frh(w))m) (g=m)

g€ N,meNU{0},w e E,q>max(m,—A),be CU{0},A >0,0<6<1.

Furthermore a function h(w) is in the class RGE.m (A, b, d) if wh'(w) € RSE m (A, b, 6).

The objective of the paper is to study some important properties of subclasses RSy 1, (A, b, §)
and RGEm (A, b, ). We have investigated coefficient bounds and established distortion

theorem, radius of starlikeness, convexity and closure theorem.

2. Coefficient Estimates

Theorem 1 : h(w) € A(n) and given by (1.1) is in RSE (), b, d) if and only if

> Q< (4 )Ma=m-1+) (2.1)

r=n-+q

where

@) = (552) (2 ) e —m=1)+ 0l —a-+150)

A4z m
Proof : Let h(w) € RSE (A, b,8). Therefore we have

<1 (2.2)

L[ w(Fh(w) ™ + dw?(Fh(w)) "+
b \ Aw(Fph(w) D 4 (8 = A (Fh(w) ™) (¢=m)
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This implies that

) [Maz—m—1)+0][~z+m-+q—m]azw® ™

o0 X At
IXn:ﬂLq( m )()‘+

b
( T(il )[)\(q—m—l)-ﬂﬂwqm_ > ( r )(;ig)[)\(x—m—l)—s—é]axw“”m

(2.3)

a=nt+q\ M
<1

We know that Re(w) < |w|, by letting w — 1_ through real axis, (2.3) gives

S () () e -m- b+l do,

1 z=ndgq \ M

Y niam-nawrn— 5 (2) (322) e —m 1)+ dlaan

m wmntq \ M

On simplifying we get

[e.9]

> Q< (4 )a—m-1+3]

r=n+q

where

Q)= (352) (2 )= m= 1)+ o)l — -+ bl

Hence we get (2.1).

Now we will prove the converse, by (1.2) and putting |w| = 1 we see that

SuCE ) w5
Nw(FM(w)) D 4 (5 — X) (Frh(w)) ™ (q—m)

> (”C )(
. T=n+q m
( q )[A(q—m—l)+5]w‘1—m ( )
m r=n-+q

( 1 )[A(qm1)+5}wq—m ( )
m T=n+q
< ]
( 1 )[A(qm1)+5}wqm ( )
m z=n+q m

Hence by the maximum modulus principle, h(w) € RSE m (X, b,6).

)[/\(ac m—1)+6][—z+m+g—m]agw® ™

r—m

S 8

8

Hence the proof of Theorem 1 is completed.
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Corollary B1 : h(w)RSE m (), b,6) then

o (4 )a=m-1+)

e Q)
where
)= (352) (2 )= m=1)+0lfe = g+ o

Theorem 2 : A function h(w) € A(n) and given by (1.1) is in RG} (A, b,0) if and
only if

o0

Z zQ(z)ay < q|b| ( 7(7]1 ) [Ag—m—1)+9]. (2.4)

r=n-+q
Proof : Let h(w) € RGLm (A, b, 6). Therefore

wh/(w) € RSE (A, b, 6).

Let g(w) = wh'(w). Then g(w) € RSE (A, b,0). Therefore

). Then g(w
([ Sw(Fg(w)) D 1 zu(Frg(w))m+)
b \ Xo(Fg(w) D + (5 - MG&(WM_(_)

<1 (2.5)

Sw(Frg(w)) ™D 4 M (F) g (w)) M)

q(q —m)[0 + A(g—m — Dw?™™

)
- i < . ) (;ig) 2(@ — m)[§ + Mz — m — 1)]agw® ™.

Now consider

From (2.5) we have

§+q< ;L )(iig)[k(xm1)+5}[x+q]azwzm
1 r=n

b q - T
( . )W"ml”ﬂwq‘ml._%q( m )(;¢g>p<xm1)+a]a,wx—m
<1

(2.6)
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We know that Re(w) < |w|,w — 1_ through real axis, (2.6) leads us that

S (2) (381) e - m = 1)+ e~ o

1 r=n-q m
m . = . ) <1.
—m— _ Atq — iy —
(3 Jouemvea- £ () e
On simplifying we get
> Qs <al (4 ) Ma=m— 1)+l
Tr=n-+q

Hence we get (2.4).

Now we will prove the converse, from (2.4) and by setting |w| = 1 we see that

(510(73(9(10)))%“)“”2(? Hg() m>>'

Mo (gl + (6~ N Fp o))

s} €T o
z_;ﬂ]( m (i‘ig )J}[A(m—m—l)-{—d}[x—q}axwl

A

Q( T(il )[/\(qml)+§]’wq_m § ( r )(m)x[)\(xml)Jré]azwz_m

)[/\(q—m—l)+5]wqm— § ( v )(i‘ig);r[)\(x—m—l)—l—d}axwzm

z=n+q m

3

r=n-+q m

< ||

= [0l
r=n-+q m

Q( T(il )[/\(qml)+§]’wq_m § ( r )(m)x[)\(xml)Jré]azwm—m

Hence by the maximum modulus principle, g(w) € RSp 1, (A, b, 5).
Hence the proof of Theorem 2 is completed.

Corollary B2 : h(w) € RGE m(X, b,0) then

bl () g-m=1)+q
ay <
Q)

o >n+q.
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3. Growth and Distortion Theorem
Theorem 3 : If h(w) € RSH(A, b,6) then

a -—m— 0
wa(m>wq 1)+9]
Qn+q)
(4 )a=m-1+)
Q(n+q) '

huw<_

< [h(w)| < |w]? + w[*T4
With equality hold for
q
(4 )a=m-1+)
n-+q m

Q(n +q)

Proof : h(w) € RS} m (N, b,8). Therefore from (2.1)

h(w) = w? —w

q —m—
- <\w(m)u@ m—1)+9
a/l' —=
r=n-+q Q (.CC)
hw)| = ol = 3 fadllef > fuff = ™Y o,
r=n+q r=n-+q
(2 ) g —m— 1)+
> fuff = fuf** .

Q(n+q)

Similarly

() a—m -1+
Q(n+q)

[h(w)] < [w]? + [w]™*

Therefore we get required result.

Theorem 4 : If h(w) € RGE m (A, b,0) then

bl () a-m-1)+a

= ol < fi(w)
bl () a-m=1)+0

< fol o+ wf™ (n+q¢)Q(n+q)
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With equality hold for

bl (&) a=m=1) 49
h(w) = w? — w"t4
(n+q)Q(n+q)

Proof : h(w) € RGE (A, b, 6). Therefore

bl (&) a=m=1+

Gy <
2 Q)
We have
[h(w)| = [w]? — Z |az|[w]® > |w]? — Jw]|" " Z |az|
Tr=n-+q r=n-+q
atl (5 ) Ma=m-1+a
> |w|? — |w|*Te .
> hol? =l (n+q)Q(n +q)
Similarly

qw<$>uw—m—m+ﬂ
(n+q)Q(n+q) '

[P (w)] < [w]? + [w]™ "

Therefore we get required result.
Theorem 5 : If h(w) € RS} (N, b,5) then

o (4 ) o0+ @ m= 1)+

—1 n4+q—1 /
gl + fuf i < |W(w)
1 (L) oo —m -1+

a- n+q-—

Proof : h(w) € RS} m (N, b,8). Therefore from (2.1)

o (L) Ra-mon+a
2 s Q)

00 o)
B (w)] = qlw]*™ = > Jaglzw]*" > glw|Tt = W[ (ntq) Y ag
r=n-+q T=n-+q

(4 ) o0 aa=m= 1)+
Q(n+q) '

> qlw]*™! — Jw[

95
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Similarly

o (4 )00+ @l m= 1)+
Q(n+q) '

|7 (w)] < qlw]™! + fw]" "7

Therefore we get required result.
Theorem 6 : If h(w) € RGE (A, b,0) then

bl (L) a-m-1)+0

m

glw|T + |w|Ta! < |n'(w
|wl |w] 0T o) |7 (w)]
bl (&) a=m—1 4
< gl 4 o] .
- Q(n+q)
Proof : h(w) € RGE (X, b, 6). Therefore from Theorem 1
. <ﬂm(§)um—m—n+ﬂ
Oy >
Ry ()
B (w)] = qlw|*™" = > aglaw]*™ > glw| " = w1 (n+q) Y al
r=n-+q r=n-+q
bl () a-m-1)+0
> qlw q—1 _ w n+q—1
|wl |wl CEY)
Similarly

bl (L) g -m-1)+0
Q(n+q) '

|7 (w)] < qlw]™! + ]

Therefore we get required result.

4. Radius of Convexity
Theorem 7 : If h(w) € RSE (A, b,0), then h € K(a) in |w| < r1(g,n,m, \, b, 5, )

where )

z—q

(¢ — 2)Q(x)
o () a—m -1+

r1 = inf



SUBCLASSES OF REGULAR AND MULTIVALENT FUNCTIONS... 97

Proof : We need to show that ‘2,/53”1) — q’ <qg—a
B (w > -
wf,_l) - q’ < Y alagflw < g—a (4.1)
r=n-+q
From (2.1) we have
o (L) Ba-m-n
az <
a::;rq Q(x)
That is .
> o) 0, <1 (4.2)

Sl (4 ) Wa-m -1+
Observe that (4.1) is true if

el _ Q) |

() Wa-m-n )

Therefore

1

r—q

(4— a)Q)
mm(q)mw—m—n+ﬂ

| <

m
(¢ # x,q,x € N), which complete the proof.
Theorem 8 : If h(w) € RS (A, ,b,0), then h € S*(a) in |w| < ra(q,n,m, A, b, 8, )

where

r—q

(¢ — 2)Q(x)
-l (4 )a-m-1+

Proof : We must show that

T9 = inf

wh'(w) i
h(w) q q
We have
PR i o e N o e
' - - ’ _ | =t — < T=nta — <q-a. (4.3)
) wie 5w | 1= 5 fafef

r=n-+q r=n+q
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Hence (4.3) holds true if

[e.o]

(x — ) _
|az||w*™7 < 1. (4.4)
xzzmq (¢ —a)
From (2.1) we have

ol (5 ) pa-m- 1)+

Hence by using (4.4) and (4.5) we get

(x_a)|w‘m—q < Q(':U)
=) (4 )a=m-1+)
|w‘z—q < (q — Oé)Q(.%)

(¢ — 2)Q(x)
@l () Wa-m-1)+a

(¢ # z,q,2 € N), which complete the proof.
Theorem 9 : If h(w) € RSE (), b,6), then h € C(a) in |w| < r3(q,n,m, A\, b,5, )

where

w] <

1

r—q

4(q — 9)Q(x)
w(z — o)y < ’ ) (g —m —1) + 0]

r3 = inf

—noi Proof : h is convex if wh' is starlike. We must show that

wg'(w) W
‘ g9(w) ‘ =1
2 z(z—a) wllwlz=1
x;qq(q_a)\ 2| [T < 1. (4.6)

From (2.1) we have

Z Q(x)

a; < 1. (4.7)
wtalpl (5 ) - m= 1)+
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Hence by using (4.6) and (4.7) we get

xE$_a))|w$_q < Q(x)
q(q —«a - q
() a—m -1+
ol < g~ )Q()
B q
oo =l (1) Wa—m-1+3]
(¢ # z,q,x € N), which complete the proof.
5. Closure Theorem
Theorem 10 : Let h(w) = w? and
hy(w) = w? — Q) w® for x>n-+gq.

() a1+

Then h(w) € RSE (A, b,9) if and only if A(w) can be expressed in the form

h(w) = Mhi(w) + > Apha(w)

r=n-+q

where A\, > 0and Ay + > A, =1
r=n+q
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